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Truncation and Underlying Amplitudes
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Truncation and Underlying Amplitudes
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A myriad of amplitudes are required for precision calculations
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Uncertainties in Perturbative Predictions

Perturbative truncation

. 2 3
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Outline

Amplitudes, IBP ldentities, Numerical Unitarity

Exact Kinematics, Analytics from Numerics, Applications
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A Common Approach to Multi-Loop Amplitudes

Feynman diagrams

|
Tensor reduction

[Passarino, Veltman '79]

S
[Tkachov, Chetyrkin '81]

Sum of master integrals

A= Z Z crilr

T'eAie My

Differential equations
[Kotikov '91; Remiddi '97; Gehrmann, Remiddi '01; Henn '13]

4
Integrated form
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A Common Approach to Multi-Loop Amplitudes

General procedure, but:
Feynman d|agra ms - Large intermediate expressions

- Generating IBP relations is

|
Tensor reduction practically difficult

[Passarino, Veltman '79]

- Evaluating general master
integrals efficiently still a major
challenge

S
[Tkachov, Chetyrkin '81]
Sum of master integrals

Numerical methods avoid some of
A=) > erilrg

these issues
T'eAie My
- Perform reduction and

| evaluation simultaneously

Differential equations - Avoid constructing an
[Kotikov '91; Remiddi '97; Gehrmann, Remiddi '01; Henn '13] . . . .
integrand: numerical unitarity

<+ - Use the evaluations to ‘lift’
Integrated form analytic expressions
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Multi-Loop Master Integrals

- Field theory gives us a representation of scattering amplitudes
in terms of Feynman diagrams, where A =", D;.
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Multi-Loop Master Integrals

- Field theory gives us a representation of scattering amplitudes

in terms of Feynman diagrams, where A =", D;.
- At a given order in perturbation theory this tells us:

A(L)—/< d fk) NF elapp
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X

The full diagram hierarchy A for 2-loop 4-point planar amplitudes
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Multi-Loop Master Integrals

- Field theory gives us a representation of scattering amplitudes
in terms of Feynman diagrams, where A =", D;.

- At a given order in perturbation theory this tells us:

L P, Nr(4;pj; D)
A :/Ql (%)D) 5o Mrtlipsi D)

A kep, Pr
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Multi-Loop Master Integrals

- Field theory gives us a representation of scattering amplitudes
in terms of Feynman diagrams, where A =", D;.

- At a given order in perturbation theory this tells us:
(o) 7
A :/ kll (27

- It has been proven that at a given loop order there is a
process-independent and finite basis of functions that describe
all Feynman integrals. These are the so-called Master Integrals
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Multi-Loop Master Integrals

- Field theory gives us a representation of scattering amplitudes
in terms of Feynman diagrams, where A =", D;.

- At a given order in perturbation theory this tells us:

L P, Nr(4;pj; D)
A :/Ql (%)D) 5o Mrtlipsi D)

A kep, Pr

- It has been proven that at a given loop order there is a
process-independent and finite basis of functions that describe
all Feynman integrals. These are the so-called Master Integrals

- Proofs were provided by [arXiv:1004.4199]
and by [arXiv:1712.09215]
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The Planar Two-Loop Four-Point Hierarchy
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The full diagram hierarchy A for 2-loop 4-point amplitudes



The Planar Two-Loop Four-Point Hierarchy
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The Planar Two-Loop Four-Point Hierarchy
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Number of independent integrals in Einstein-Hilbert gravity

9/34



The Planar Two-Loop Four-Point Hierarchy
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Linear Relations among Feyman Integrals
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Linear Relations among Feyman Integrals
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Finding Linear Relations
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Finding Linear Relations
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Finding Linear Relations
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Finding Linear Relations

S T (et \;
o tged
P«E,,;;l:m jJBL ['15" F:.] =0 i=l7,-L
MES e
A U Ke R & # w oild

- ¥l

o 1. %G ) Rl
Moo o lems kv e ¥
> T- T+ z%"fﬂj%(&)%—@(ﬁ‘\

- ‘ y 5 ?&»(C‘VFIB (@] ‘/

11/34



Finding Linear Relations
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IBP ldentities: An Example
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IBP ldentities: An Example
By making the nieble vephocomalle:
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IBP ldentities: An Example
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IBP ldentities: An Example
By making the nieble vephocomalle:
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See recent introduction of “lowering operators” for IBP

reduction [de la Cruz, Kosower [arXiv:2602.22111]] 12/34
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Numerical Unitarity

Decompose A in terms of master integrals:

AL = Z Z cr,i Iry

FEA ieMr

{Zr;} is process independent and finite
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Numerical Unitarity

Decompose A in terms of master integrals:

AL = Z Z cr,i Iry

FEA ieMr

{Zr;} is process independent and finite

Drop the integral symbol, introducing the integrand ansatz:

A(L)(gl) = Z Z Cr,kimr’k(el)

Functions Qr = {mp;({;)|k € Qr} parametrize every possible
integrand (up to a given power of loop momenta). E.g.:

13/34



Numerical Unitarity

Decompose A in terms of master integrals:

AL = Z Z cr,i Iry

FEA ieMr

{Zr;} is process independent and finite
Drop the integral symbol, introducing the integrand ansatz:

A(L)(gl) = Z Z Cr,kimr’k(gl)

Functions Qr = {mp;({;)|k € Qr} parametrize every possible
integrand (up to a given power of loop momenta). E.g.:

- Tensor Basis
- Scattering Plane Tensor Basis
- Master-Surface Basis
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On-Shell Parametrizations [arXiv:1712.03046]

- Given diagram I' make an adaptive momentum parametrization

0= ZLIJ7[’+ZL,L\“+ Z i Q“+Zn;t,
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T3PS me
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On-Shell Parametrizations [arXiv:1712.03046]
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On-Shell Parametrizations [arXiv:1712.03046]

- Given diagram I' make an adaptive momentum parametrization

0= Zl{?”+ZLJu’J+ Z a +Znu,

jeBy jEB! i€Bet i€Be
;—\r—’

—_
T3PS me

5 40 aited menee o Toavete 4o di

fs G loapa gouatd Ly Mweg ngﬂa\
M\)j o = Yo Vie S

A
O A B
Dkt =0 Gond Puc MUGMM-\eBE

e do Ak ATl B Y d g

W‘MMG’Y)@ Ll EX!

14 /34


https://arxiv.org/abs/1712.03946

On-Shell Parametrizations [arXiv:1712.03046]

- Given diagram I' make an adaptive momentum parametrization
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Integrand Parametrizations

- Exploit the variables of the adaptive momentum parametrization to
build integrand parametrizations

i
nt
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n
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- — - —
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Integrand Parametrizations

- Exploit the variables of the adaptive momentum parametrization to
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- Tensor Basis: constructed from all monomials (a/7)%(a*)® with
j € Bl and i € B
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Integrand Parametrizations

- Exploit the variables of the adaptive momentum parametrization to
build integrand parametrizations
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=
TPy Lommom Lomvene

- Tensor Basis: constructed from all monomials (a9)%(a!?)? with
j € Bl and i € B

- Scattering Plane Tensor Basis: constructed from all monomials
(%)@ with j € B} and one-loop-like surface terms with common
transverse varla bleS [Abreu, FFC, Ita, Jaquier, Page, Zeng [arXiv:1703.05273]; see also

[Bobadilla, Mastrolia, Peraro, Primo]
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Integrand Parametrizations

Exploit the variables of the adaptive momentum parametrization to
build integrand parametrizations

21{1”+21,(\1]+Z I'+ZH}[,

jeBy JEB} i€B*
;\K_’

=
TPy Lommom Lomvene

Tensor Basis: constructed from all monomials (a!/)(a!))? with

j € Bl and i € B

Scattering Plane Tensor Basis: constructed from all monomials
(%)@ with j € B} and one-loop-like surface terms with common
transverse varla bleS [Abreu, FFC, Ita, Jaquier, Page, Zeng [arXiv:1703.05273]; see also

[Bobadilla, Mastrolia, Peraro, Primo]
Master-Surface Basis: powerful parametrization trivializing map
to master integrals [Ita, arXiv:1510.05626]. That is, Qr = M U Sr:

dP0dPl; mr;i(4) | Ir; for i€ Mp (master)
2P Tliep. px 0 for ieSr (surface)
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Scattering Plane Tensor Basis

16 /34


https://arxiv.org/abs/1703.05273
https://arxiv.org/abs/1712.03946
https://gitlab.com/caravel-public/caravel
https://arxiv.org/abs/2407.19005

Scattering Plane Tensor Basis

- Implicitly defined in early developments (arxiv:1703.05273],

[arXiv:1712.03946], ...

- Named and automated in CARAVEL for generic 2-loop
calculations in [arXiv:2407.19005]

- Allows straightforward map to IBP programs

- Key: trivially reduces transverse integrals (no tensor
decomposition in computing helicity amplitudes!)
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Scattering Plane Tensor Basis

- Implicitly defined in early developments (arxiv:1703.05273],

[arXiv:1712.03946], ...

- Named and automated in CARAVEL for generic 2-loop
calculations in [arXiv:2407.19005]

- Allows straightforward map to IBP programs

- Key: trivially reduces transverse integrals (no tensor
decomposition in computing helicity amplitudes!)

Tipically less than O(5%) (IBP-)reducible monomials (with
scattering-plane variables) remain
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MaSter/SUI’faCG BaS|S [Ita '15; Abreu, FFC, Ita, Page, Zeng '17]

Consider the integration by parts (IBP) relation on T’

0 uy
oz/Hd% — | =—1—
; (%j erPF Pk
making it unitarity compatible (controlling the propagator
structure) [Gluza, Kadja, Kosower '10; Schabinger '11]

uVap frp
i mom Pk = JkPk
7 oe

Write ansatz for «/ expanded in external and loop momenta, and

solve polynomial equations using algebraic geometry techniques

Build a full set of surface terms and fill the rest of the space with
master integrands
See recent (massive!) developments by Page and Song [arXiv:2509.17681]

and Coro, Novichkov, Page and Song [arXiv:2512.05869]
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A 1-loop Example for Surface Terms: Part 1

Consider the 1-loop 1-mass triangle with

pr=L+p1)? pa=0, p3=(—p)?
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A 1-loop Example for Surface Terms:

Consider the 1-loop 1-mass triangle with
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and we construct u?9/0¢” by parametrizing

u’ = U?(tplf + ugxtps + uloopgv
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A 1-loop Example for Surface Terms: Part 1

Consider the 1-loop 1-mass triangle with .

pr=U+p1)?* p2=0 ps=(—p)°
and we construct u?9/0¢” by parametrizing

u’ = u§ti11/ + ugxtpg + uloopgv

p1

We then get the syzygy equation (polynomial equation):

p1 fip1 0
(u§pY + uS*ph + u'°oPe”) a0 | 72|~ fap2 | =0
p3 f3p3 0
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A 1-loop Example for Surface Terms: Part 1

Consider the 1-loop 1-mass triangle with .

pr=U+p1)?* p2=0 ps=(—p)°
and we construct u?9/0¢” by parametrizing

u’ = u§ti11/ + ugxtpg + uloopgv

Pi
We then get the syzygy equation (polynomial equation):
p1 Jip1

0
P2 | | fer2 | =10
ot p3 I3p3 0

(uglextpll/ + UZXtPZ + uloopgu)

We can then show that we have the solution for the IBP-generating
vector:

0

v v v v 8
Yo T [(p3 — p2)PY + (p1 + p2)ph + (=5 + 2p3 — 2p2)L ]W
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A 1-loop Example for Surface Terms: Part 2

Now we have the surface term:

0= /d’%% ( v )/d%l[(D4)s2(D3)p2+2(D3)p3]

P1P2P3 P1P2P3
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A 1-loop Example for Surface Terms: Part 2

Now we have the surface term:

0= /d’%% ( v )/d%l[(D4)52(D3)p2+2(D3)p3]

P1P2pP3 P1P2P3

The scalar triangle integrand can be replaced by a surface term,
though commonly it is kept in 1-loop calculations, calling it a
“master” integral.
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A 1-loop Example for Surface Terms: Part 2

Now we have the surface term:

0= /d’%% ( v )/d%l[(D4)52(D3)p2+2(D3)p3]

P1P2pP3 P1P2P3

The scalar triangle integrand can be replaced by a surface term,
though commonly it is kept in 1-loop calculations, calling it a
“master” integral.

Notice the IBP identity between the triangle and the
s = (p1 + p2)? bubble is:

—(D = 4)sIyi — 2(D — 3)Ispup =0
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A 1-loop Example for Surface Terms: Part 2

Now we have the surface term:

0= /df’ei ( v )/d%l[(D4)52(D3)p2+2(D3)p3]

ol \ p1p2p3 P1P2P3

The scalar triangle integrand can be replaced by a surface term,
though commonly it is kept in 1-loop calculations, calling it a
“master” integral.

Notice the IBP identity between the triangle and the
s = (p1 + p2)? bubble is:

—(D —4)slyi —2(D — 3)Ispyp =0
Similar manipulations can be carried out at higher loops. More
complicated syzygy equations (polynomial relations) need to be

solved (using e.g. algebraic geometry techniques)
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SU rface TermS Factory [Abreu, FFC, Ita, Jaquier, Page, Ruf, Sotnikov [arXiv:2002.12374]]

Solutions to !/ are power-counting independent. When parametrizing a
given numerator of a ' € A we need to consider the required
power-counting for the theory at hand.

But we can industrially produce surface terms by considering polynomials
t-(£1), and then considering the vector t,.(¢;)u:

, Ot (¢ duj s
Mr (r,s) = U; aél,l) +t-(4) aiglj, - Z Ti

¢ ke Pr
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SU rface TermS Factory [Abreu, FFC, Ita, Jaquier, Page, Ruf, Sotnikov [arXiv:2002.12374]]

Solutions to !/ are power-counting independent. When parametrizing a
given numerator of a ' € A we need to consider the required
power-counting for the theory at hand.

But we can industrially produce surface terms by considering polynomials
t-(£1), and then considering the vector t,.(¢;)u:

v atT (&)

Mr (r,s) = Uy TQ, +t-(41) 8£” k; Ii
i

A four-graviton amplitude calculation in Einstein gravity structurally the
same as a four-gluon amplitude calculation in QCD!

See recent (massive!) developments by Page and Song [arXiv:2509.17681]
and Coro, Novichkov, Page and Song [arXiv:2512.05869)]

see also similar approach in de la Cruz, Kosower [arXiv:2602.22111]
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The Planar Two-Loop Four-Point Hierarchy

j=@n gl
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Number of independent integrals in Einstein-Hilbert gravity
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Compute the Integrand!

A = 3 Y e

TeA keQr [Tjep. pi(f)
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Unitarity Approach to Computing Integrand Coefficients

[Bern, Dixon, Dunbar, Kosower] [Britto, Cachazo, Feng]

- In on-shell configurations of ¢;, the integrand factorizes
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- In on-shell configurations of ¢;, the integrand factorizes and
produces a cut equation (partial fractioning the integrand!)

Anivinind,
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Unitarity Approach to Computing Integrand Coefficients

[Bern, Dixon, Dunbar, Kosower] [Britto, Cachazo, Feng]

- In on-shell configurations of ¢;, the integrand factorizes and
produces a cut equation (partial fractioning the integrand!)

) vy
ST Ay = Y0 et Saidnind,
states 4€ T r'>r H]E(PF//PI‘) p]( l )

kEQF/
- Need efficient computation of (products of) tree-level
amplitudes

- Off-shell recursion relations [Berends, Giele 1988]
- Ds-dimensional state sum — Dimensional reduction for
resolving Dy dependence [Giele, Kunszt, Melnikov 2008]
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Unitarity Approach to Computing Integrand Coefficients

[Bern, Dixon, Dunbar, Kosower] [Britto, Cachazo, Feng]

- In on-shell configurations of ¢;, the integrand factorizes and
produces a cut equation (partial fractioning the integrand!)

Tprivgrivg”
SOOI Ay = Y Sk T (1(2) i,

states i€ T ’'>r HJE(PF’/PF) Pj

kEQF/
- Need efficient computation of (products of) tree-level
amplitudes

- Off-shell recursion relations [Berends, Giele 1988]
- Ds-dimensional state sum — Dimensional reduction for
resolving Dy dependence [Giele, Kunszt, Melnikov 2008]

Never construct analytic integrand, numerics for every kinematic configuration
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Computing Products of Trees
- Analytic computations using generalized unitarity benefit from

compact representations of tree-level amplitudes: double copy,
color-kinematics duality, rooted trees, etc
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Computing Products of Trees

- Analytic computations using generalized unitarity benefit from
compact representations of tree-level amplitudes: double copy,
color-kinematics duality, rooted trees, etc

- For automated frameworks, dealing with numerics, recursive
approaches (e.g. BCFW) are preferred as a way to make the tools
more flexible
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Computing Products of Trees

- Analytic computations using generalized unitarity benefit from
compact representations of tree-level amplitudes: double copy,
color-kinematics duality, rooted trees, etc

- For automated frameworks, dealing with numerics, recursive
approaches (e.g. BCFW) are preferred as a way to make the tools
more flexible

- Off-shell recursion relations (Berends-Giele, Schwinger-Dyson) are
appealing in particular because of their efficiency and generality

12 m 1 ji+l om 1 jj+1 kk+1 m

We extended these relations to generic current types and to products of
trees. Initial gravity applications benefited from a representation with
purely cubic interactions of Cheung and Remmen [arXiv:1705.00626]
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Compute the Integrand!

Crk Mk Z H Atree ZF

I’'>T HJG(PF//PF) states ;€T
k‘EQF/
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SOlV'ng Cut Equatlons [Abreu, FFC, Ita, Jaquier, Page [arXiv:1703.05255]]

(@) (b) (c) (d)
(¢) () (8)
(h)
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Solving Cut Equations

For a maximal:

¥ ()

LI=¢

C

l

)

[Abreu, FFC, Ita, Jaquier, Page [arXiv:1703.05255]]

i

@) (b) (c) (d)
(e) () (e)
(h)
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SOlV'ng Cut Equatlons [Abreu, FFC, Ita, Jaquier, Page [arXiv:1703.05255]]

For a maximal:

wOta) - n0te) | S0 0 H XX

For a next-to-maximal: jj ]j E[
N (]j, ef) R (]S[, gf) © o) (®)
() () i
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SOlV'ng Cut Equatlons [Abreu, FFC, Ita, Jaquier, Page [arXiv:1703.05255]]

For a maximal:

vty - a0 0 H XX

For a next-to-maximal: jj jj E[
¥ O0) 0K
v () () o
And for the combined single-pole diagram an bubble-box:
N (RL) o () - (L)
NS o O e O
e ) o O - L)
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Numerical Unitarity: Computational Complexity

Take as ex. the numerical computation of n-gluon color-ordered amps
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Numerical Unitarity: Computational Complexity

Take as ex. the numerical computation of n-gluon color-ordered amps
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Numerical Unitarity: Computational Complexity

Take as ex. the numerical computation of n-gluon color-ordered amps
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Numerical Unitarity: Computational Complexity

Take as ex. the numerical computation of n-gluon color-ordered amps

r — T T T
'k Caravel [Abreu et al. 2000.11957] <10
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Numerical Unitarity: Computational Complexity

Take as ex. the numerical computation of n-gluon color-ordered amps

e " " - Polynomial complexity to compute
0'E Caravel abreu et al. 2000.11957] 10’ color-ordered amplitudes
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Numerical Unitarity: Computational Complexity

Take as ex. the numerical computation of n-gluon color-ordered amps

T T T T " " - Polynomial complexity to compute
Caravel [Abreu et al. 2000.11957]

10 R color-ordered amplitudes
W0’ 410 - Dramatic computational increase in
_ Caravel # scales = 3n — 10
%102 loop order

>

Time [s]

- Asymptotic behavior characterizes

10 E algorithm, but minimal impact in
©  10” Tree amplitude (~n')
3 — degree 4 polynomial N pheno
10 + One loop amplitude ( ~ 1" ) 10 X . i X
- ?;z;;m:o'ynow?' e - Combinatorial growth in amplitudes
wo loop amplitude (FF) (~ ')
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s
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o

10 12 14 16 18 20
Number of gluons

Analytic computations for processes with not many scales (say 5 - 8) can
considerably improve efficiency — one can tame/handle the typical
analytical complexity growth in physical expressions!
Amplitude analytic expressions found for:

- selected 6-particle 1-loop amps

- essentially all 4-particle 2-loop amps

- all massless-QCD and selected massive 5-particle 2-loop amps

- selected 4-particle 3-loop amps 24 /34
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Outline

Amplitudes, IBP ldentities, Numerical Unitarity

Exact Kinematics, Analytics from Numerics, Applications
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Numerical Stability
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[Abreu, FFC, Ita, Jaquier, Page, Zeng, '17]
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Numerical Stability
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Numerical Unitarity in Generic Number Fields
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Numerical Unitarity in Generic Number Fields
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Numerical Unitarity in Generic Number Fields
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Finite (Number) Fields
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Finite (Number) Fields
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Finite (Number) Fields
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Finite (Number) Fields
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From Qn to Fn (& BaCkI) [von Manteuffel, Schabinger [arXiv:1406.4513]]
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From Qn to Fn (& BaCkI) [von Manteuffel, Schabinger [arXiv:1406.4513]]
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From Qn to Fn (& BaCkI) [von Manteuffel, Schabinger [arXiv:1406.4513]]
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From Qn to Fn (& BaCkI) [von Manteuffel, Schabinger [arXiv:1406.4513]]
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From Qn to Fn (& BaCkI) [von Manteuffel, Schabinger [arXiv:1406.4513]]
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From Exact Evaluations to Analytics
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From Exact Evaluations to Analytics
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From Exact Evaluations to Analytics
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From Exact Evaluations to Analytics
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Fitting Ansatze from Numeric Samples
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Fitting Ansatze from Numeric Samples
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This technology has been extended in many directions, allowing e.g.
multivariate rational reconstruction, fitting of physics-aware ansatze,
performing numerical expansions using p-adic numbers, exploiting partial
fractions in reconstruction procedure, and much more
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The CARAVEL Framework

A framework to explore multi-loop multi-leg
scattering amplitudes in the SM and beyond

Caravel
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The CARAVEL Framework

A framework to explore multi-loop multi-leg
scattering amplitudes in the SM and beyond

- A modular C++17 library implementing the
multi-loop numerical unitarity method

[Abreu, Dormans, FFC, Ita, Kraus, Page, Pascual, Ruf, Sotnikov, arXiv:2009.11957]

Caravel

Numerics in (high-precision) floating-point, rational
and modular arithmetic

Generic design for calculations in QFT, e.g. in the SM, gravity
theories, and more

Algebraic tools for semi-analytical calculations in C++
Publicly available @ GitLab [Link]!
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The CARAVEL Framework

GraphlLibrary
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Integral Providers

Includes general tools for:
- D-dimensional kinematics
- graph isomorphism techniques

- tree-level and multi-loop cut
calculations

- Generic scattering-plane
integrand parametrizations

- Selected master-surface
decompositions

- on-shell phase-space
parametrizations

- Feynman integral handling

- Algebraic tools

+ O()

Core

Caravel @ GitLab:

https://gitlab.com/
caravel-public/caravel
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Applications to Gravity Scattering Amplitudes

Several applications to the analytic computation of 5-particle
scattering amplitudes in the Standard Model

- Analytic form of the two-loop graviton-graviton scattering

amplitudes

- Computed to third post-Minkowskian order conservative binary

dynamics including up-to S* terms [arXiv:2502.08961]

— See Manfred Kraus' talk

SPINNING BLACK HOLE CONSERVATIVE POTENTIAL AT O(G3)

* We computed potential terms
at
deliver

and
effective potentials (as well as known

corrections)
* Expected applications to
for

Spin-orbit term to O(G?) in the
momentum-space potential!
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Outlook

- pQFT gives us a systematically improvable framework to
make predictions for hadron collider and gravitational-wave
observatory: lots of scattering amplitudes needed!

- Exploiting analytic properties we can compute scattering
amplitudes efficiently. As an example presented the multi-loop
numerical unitarity method

- Exact numerical evaluations have become a main tool to
reconstruct corresponding analytic expressions of very complex
amplitudes

- We look forward to increase our understanding of the
fundamental interactions among elementary particles
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