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AHH and Low-spin Kerr



Kerr 3pt interactions
spin-1/2 and spin-3/2, the covariant amplitudes are unique as will be discussed in

Section 5.1.2.
Let us now switch the discussion to gravitational higher-spin amplitudes. Arkani-

Hamed, Huang and Huang [99] gave the following three-point amplitudes:

M(1φs, 2φ̄s, 3h+) = im2x2 〈12〉2s
m2s

,

M(1φs, 2φ̄s, 3h−) = i
m2

x2

[12]2s

m2s
, (3.12)

It is clear from the spinor-helicity expressions that they are related to the gauge-
theory amplitudes by the double copy [61],

M(1φs, 2φ̄s, 3h±) = iA(1φsL, 2φ̄sL, 3A±)A(1φsR, 2φ̄sR, 3A±) , (3.13)

where s = sL + sR, and equivalent formulae are obtained for any sL, sR ≥ 0. Since
this relation is insensitive to the helicity of the massless state, it follows that the

covariant gravitational amplitudes are also given by a double copy of the covariant
gauge-theory amplitudes.

Using the double copy, it is a small step to show that a generating function for
the covariant gravitational amplitudes can be constructed out of the gauge-theory

generating functions. However, because the spin s can be decomposed into sL + sR
in multiple different ways, there is some ambiguity on how to write it. We find that
it is convenient to write a combined generating function for bosonic and fermionic

covariant gravitational amplitudes, which has the form

∞
∑

2s=0

M(1φs, 2φ̄s, 3h) = M0⊕1/2 + AWWA

(

A0⊕1/2 +
A1⊕ 3/2 − (ε1 · ε2)2A0⊕1/2

(1 + ε1 · ε2)2 + 2
m2ε1 · p2 ε2 · p1

)

,

(3.14)

where the sum runs over both integer and half-integer spin s. Here we use the short-
hands A0⊕1/2 = AφφA + AλλA, A1⊕ 3/2 = AWWA + AψψA and M0⊕1/2 = AφφAA0⊕1/2,
which combine the independent low-spin amplitudes that appeared in the bosonic

(3.7) and fermionic (3.11) generating functions. The reason for multiplying the gauge-
theory generating function by AWWA, rather than by AφφA, is that this way of writing

it exposes the correct maximal momentum power counting of the gravity amplitudes.
As an aside, it is interesting to note that we have already identified the gauge-

theory amplitudes AWWA andAψψA, as well-known three-point amplitudes in theories
with spontaneously-broken gauge symmetry (s = 1) and supersymmetry (s = 3/2),
respectively. From this we should expect that some of the low-spin gravitational

amplitudes also have an interesting physical interpretation. Indeed, it is known from
previous work on the double copy [144, 145] that these massive spin-1 and spin-

3/2 gravitational amplitudes, AφφA ×AWWA and AλλA ×AWWA, are precisely those
that appear in R-symmetry gauged supergravity, and the massive spin-2 amplitude
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Natural higher-spin gravitational 3pt amplitudes: 

Arkani-Hamed, Huang, Huang (‘17)

Linearized energy-momentum tensor for Kerr source Vines (’17)

Non-minimal worldline action for Kerr: Levi, Steinhoff (’15)

spin-multipole Wilson coeff:

(b) (b)

−=

(a)

−=

Figure2:PictorialformofthebasiccolorandkinematicLie-algebraicrelations:(a)theJacobi
relationsforfieldsintheadjointrepresentation,and(b)thecommutationrelationforfieldsina
genericcomplexrepresentation.

DuetotheLiealgebraofthegaugesymmetry,colorfactorsobeysimplelinearrelations

arisingfromtheJacobiidentitiesandcommutationrelations,

f̃d̂âĉf̃ĉ̂bê−f̃d̂b̂ĉf̃ĉâê=f̃âb̂ĉf̃d̂ĉê

(tâ)k̂
ı̂(tb̂)̂

k̂
−(tb̂)k̂

ı̂(tâ)̂

k̂
=f̃âb̂ĉ(tĉ)̂

ı̂

}

⇒ci−cj=ck,(2.3)

andthisisdepicteddiagrammaticallyinfigure2.Theidentityci−cj=ckisunderstoodto
holdfortripletsofdiagrams(i,j,k)thatdifferonlybythesubdiagramsdrawninfigure2,

butotherwisehavecommongraphstructure.

Thelinearrelationsamongthecolorfactorsciimplythatthecorrespondingkinematic

coefficientsni/Diareingeneralnotunique,asshouldbeexpectedfromtheunderlyinggauge
dependenceofindividual(Feynman)graphs.

ItwasobservedbyBern,Carrascoandoneofthecurrentauthors(BCJ)[3],thatwithin

the(gauge)freedomofredefiningthenumeratorsthereexistparticularlynicechoices,such

thattheresultingnumeratorfactorsniobeythesamegeneralalgebraicidentitiesasthe
colorfactorsci.Thatis,thereisanumeratorrelationforeverycolorJacobiofcommutation

relation(2.45)andanumeratorsignflipforeverycolorfactorsignflip(2.2):

ni−nj=nk⇔ci−cj=ck,(2.4a)

ni→−ni⇔ci→−ci.(2.4b)

Amplitudesthatsatisfytheserelationsaresaidtoexhibitcolor/kinematicsduality.An

importantpointisthatanumeratorfactornienteringdifferentkinematicrelationsmaynot

takethesamefunctionalforminallsuchrelations;rather,momentumconservationand
changesofintegrationvariablesmustbeusedtoallignthemomentumassignmentbetween

thethreegraphsparticipatingintherelation.

Therelationsineq.(2.4)defineakinematicalgebraofnumerators,whichissuggestive

ofanunderlyingkinematicLiealgebra.WhilenotmuchisknownaboutthisLiealgebra,
whichshouldbeinfinite-dimensionalduetothefunctionalnatureofthekinematicJacobi

relations,inthespecialcaseoftheself-dualsectorofYMtheorythekinematicalgebrawas

showntobeisomorphictothatofthearea-preservingdiffeomorphisms[13].
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root-Kerr gauge theory
Classical double copy à Kerr-Schild form

metric:

gauge field:

(Kerr, double copy)

(root-Kerr, single copy)

Monteiro, 
O’Connell (‘14)

Newman-Janis shift:

(Newman-Penrose curvature scalars)

à classical 3pt amplitudes

Guevara, Ochirov, Vines;
Arkani-Hamed, Huang, O'Connell; 
Guevara, Maybee, Ochirov, O'Connell, Vines



AHH amplitudes à Kerr  BH ?

where in general there are additional terms of O(p2−m2) in the numerator that

contribute off shell. These terms depend on the details of the Lagrangian formulation
of the theory.

For the case of spin-1/2 and spin-3/2, additional terms are not expected, and
the propagators are

∆(1/2)(ε, ε̄) = i
/p+m

p2 −m2
,

∆(3/2)(ε, ε̄) = i
(/p +m) ε.ε̄+ 1

3(/ε+
p·ε
m )(/p−m)(/̄ε+ p·ε̄

m )

p2 −m2
, (2.37)

with ε.ε̄ = εµ(ηµν− pµpν
m2 )ε̄ν . The propagators with free Lorentz indices can be obtained

by taking an appropriate number of derivatives ∂
∂εµ and ∂

∂ε̄ν that act on ∆(s+1/2)(ε, ε̄).
This will automatically symmetrize the Lorentz indices on each side of the propagator

matrix.

3 Higher-spin three-point amplitudes

We now consider amplitudes for a pair of spin-s particles using the massive spinor-
helicity formalism. To avoid displaying unimportant overall normalization factors in

the spinor-helicity formulae, we denote amplitudes with either straight or calligraphic
symbols. The calligraphic ones, A(1, 2, . . . , n) for gauge theory andM(1, 2, . . . , n) for
gravity, are more suitable for covariant formulae that use polarization vectors. The

straight ones, A(1, 2, . . . , n) and M(1, 2, . . . , n), are more suitable for spinor-helicity
expressions. Their relative normalizations are

A(1, 2, . . . , n) = (−1)!s"
(√

2e
)n−2

A(1, 2, . . . , n),

M(1, 2, . . . , n) = (−1)!s"
(κ

2

)n−2
M(1, 2, . . . , n).

(3.1)

where e is the gauge theory (electric) coupling, κ is the gravitational coupling, with
κ2 = 32πGN . The ceiling function #s$ takes into account phases that depend on the
spin of the massive particle, which appear due to our mostly-minus metric signature

choice. Furthermore, sometimes it is convenient to set e = 1 or κ = 1, in which case
the two normalizations simply differ by powers of

√
2 and signs.

3.1 Spinor-helicity three-point amplitudes

It was proposed by Arkani-Hamed, Huang and Huang [99] that the most natural
three-point amplitudes between two massive higher-spin particles and a gauge boson
should be the following maximally-chiral objects:

A(1φs, 2φ̄s, 3A+) = mx
〈12〉2s

m2s
, A(1φs, 2φ̄s, 3A−) =

m

x

[12]2s

m2s
(3.2)
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where the sum runs over both integer and half-integer spin s. Here we use the short-
hands A0⊕1/2 = AφφA + AλλA, A1⊕ 3/2 = AWWA + AψψA and M0⊕1/2 = AφφAA0⊕1/2,
which combine the independent low-spin amplitudes that appeared in the bosonic

(3.7) and fermionic (3.11) generating functions. The reason for multiplying the gauge-
theory generating function by AWWA, rather than by AφφA, is that this way of writing

it exposes the correct maximal momentum power counting of the gravity amplitudes.
As an aside, it is interesting to note that we have already identified the gauge-

theory amplitudes AWWA andAψψA, as well-known three-point amplitudes in theories
with spontaneously-broken gauge symmetry (s = 1) and supersymmetry (s = 3/2),
respectively. From this we should expect that some of the low-spin gravitational

amplitudes also have an interesting physical interpretation. Indeed, it is known from
previous work on the double copy [144, 145] that these massive spin-1 and spin-

3/2 gravitational amplitudes, AφφA ×AWWA and AλλA ×AWWA, are precisely those
that appear in R-symmetry gauged supergravity, and the massive spin-2 amplitude
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Spin-s gauge theory 3pt amplitudes

Spin-s gravitational 3pt amplitudes: 
Arkani-Hamed, Huang, Huang. (‘17)

Q1: Where is the spin vector ?

Q2: Where is the exponential factor ?

Q3: What are the quantum theories ? (before classical limit)  



Quantum spin operator

Introduce projective 3-sphere coordinates 

parametrizes SU(2)  ßà  spin

Relation between classical spin vector and quantum spin:

massive 
spinor-helicity 
formalism

Transversality of spin vector:

Properties:

Equals an expectation value:

Gives spin operator:



AHH amplitudes = Kerr BHs
Guevara, Ochirov, Vines;
Chung, Huang, Kim, Lee  (‘18) 

Relate in/out states by Lorentz transf.

(b) (b)

−=

(a)

−=

Figure2:PictorialformofthebasiccolorandkinematicLie-algebraicrelations:(a)theJacobi
relationsforfieldsintheadjointrepresentation,and(b)thecommutationrelationforfieldsina
genericcomplexrepresentation.

DuetotheLiealgebraofthegaugesymmetry,colorfactorsobeysimplelinearrelations

arisingfromtheJacobiidentitiesandcommutationrelations,
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takethesamefunctionalforminallsuchrelations;rather,momentumconservationand
changesofintegrationvariablesmustbeusedtoallignthemomentumassignmentbetween

thethreegraphsparticipatingintherelation.

Therelationsineq.(2.4)defineakinematicalgebraofnumerators,whichissuggestive

ofanunderlyingkinematicLiealgebra.WhilenotmuchisknownaboutthisLiealgebra,
whichshouldbeinfinite-dimensionalduetothefunctionalnatureofthekinematicJacobi

relations,inthespecialcaseoftheself-dualsectorofYMtheorythekinematicalgebrawas

showntobeisomorphictothatofthearea-preservingdiffeomorphisms[13].
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AHH factor à exponential of spin operator:

Quantum Kerr and root-Kerr 3pt à  Quantum Newman-Janis shift

with ring-radius (spin) operator:



Kerr Compton amplitudes

Candidate Compton amplitudes via BCFW:

Let us check if the two contributions responsible for the quantum mismatch

between eq. (3.24) and eq. (3.26) are perhaps related. We find the relation

εs2 ·
( i

m2
p1 ·M · k

)

· εs1 = s(ε1 · ε2)s−1ε2 ·
( 1

m2
(k · Ŝ)2

)

· ε1 , (3.28)

and for s = 1 the two expressions indeed conspire in eq. (3.26) with numerical
coefficients 1/2− 1. However, this still does not add up to the unit coefficient of this
term in eq. (3.24), which through s ≤ 5/2 should give the unique theories that satisfy

tree-level unitarity. That said, the terms proportional to p1 ·M ·k or to ε2 · (k · Ŝ)2 ·ε1
are subleading in the classical limit and thus the quantum difference is irrelevant

for the purpose of describing astrophysical black holes. In conclusion, this analysis
confirms that eq. (3.26) and eq. (3.24) are classically equivalent and match the Kerr

black-hole dynamics.

4 Spinor-helicity Compton amplitudes for s ≤ 5/2

In ref. [99], three-point higher-spin amplitudes, which we discussed in Section 3, were

used together with BCFW recursion [56, 152] to construct candidates for the the
Compton amplitudes with opposite-helicity photons/gravitons. In a later reference
the equal-helicity Compton amplitudes were obtained in the same way [117]. Let us

start by inspecting the photon amplitudes

A(1φs, 2φ̄s, 3A+, 4A+) = i
〈12〉2s[34]2

m2s−2t13t14
, (4.1a)

A(1φs, 2φ̄s, 3A−, 4A+) = i
[4|p1|3〉2−2s([41]〈32〉+ [42]〈31〉)2s

t13t14
, (4.1b)

where s12 = (p1 + p2)2 and tij = (pi + pj)2 − m2. As was discussed in ref. [99],
the opposite-helicity amplitude is well behaved for s ≤ 1, and starting at s = 3/2

it develops a spurious pole corresponding to the factor [4|p1|3〉2−2s. This pole is
unphysical, and must be canceled by adding a contact interaction to the Compton

amplitude, such that it has a compensating spurious pole. Exactly how to do this
in a unique way has not yet been firmly established. In contrast, we see that the
equal-helicity Compton amplitude does not have a spurious pole for any spin. And

this suggests that it should not be corrected by contact terms, although a priori it
cannot be ruled out that it receives corrections that are manifestly free of momentum

poles.
Next, let us quote the corresponding candidate Compton amplitudes for gravity,

which can be obtained via BCFW recursion in the same way [99, 117],

M(1φs, 2φ̄s, 3h+, 4h+) = i
〈12〉2s[34]4

m2s−4s12t13t14
, (4.2a)

M(1φs, 2φ̄s, 3h−, 4h+) = i
[4|p1|3〉4−2s([41]〈32〉+ [42]〈31〉)2s

s12t13t14
. (4.2b)
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Spurious pole for             à contact term completion (not unique)
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m2s−2t13t14
, (4.1a)

A(1φs, 2φ̄s, 3A−, 4A+) = i
[4|p1|3〉2−2s([41]〈32〉+ [42]〈31〉)2s

t13t14
, (4.1b)

where s12 = (p1 + p2)2 and tij = (pi + pj)2 − m2. As was discussed in ref. [99],
the opposite-helicity amplitude is well behaved for s ≤ 1, and starting at s = 3/2

it develops a spurious pole corresponding to the factor [4|p1|3〉2−2s. This pole is
unphysical, and must be canceled by adding a contact interaction to the Compton

amplitude, such that it has a compensating spurious pole. Exactly how to do this
in a unique way has not yet been firmly established. In contrast, we see that the
equal-helicity Compton amplitude does not have a spurious pole for any spin. And

this suggests that it should not be corrected by contact terms, although a priori it
cannot be ruled out that it receives corrections that are manifestly free of momentum

poles.
Next, let us quote the corresponding candidate Compton amplitudes for gravity,

which can be obtained via BCFW recursion in the same way [99, 117],

M(1φs, 2φ̄s, 3h+, 4h+) = i
〈12〉2s[34]4

m2s−4s12t13t14
, (4.2a)

M(1φs, 2φ̄s, 3h−, 4h+) = i
[4|p1|3〉4−2s([41]〈32〉+ [42]〈31〉)2s

s12t13t14
. (4.2b)
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Kerr and root-Kerr = fundamental theories ?

Chiodaroli, HJ, Pichini

Cangemi, 
Chiodaroli,HJ, 
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Skvortsov

Elementary particle Lagrangians behind Kerr at  

Lagrangians worked out in [2107.14779]  

[HS=higher-spin;SHP=Singh-Hagen;Porrati]

At most one non-minmal Riemann interaction at 

Double copy works up to

Arkani-Hamed, 
Huang, O'Connell

All elementary-particle Lagrangians = massless theory + Kaluza-Klein! 

Ochirov, HJ



Low-spin Compton double copies
Kerr amplitudes for                  admit Compton double copy (also n-points)

Lagrangians unique: no new interaction terms beyond cubic order

Can be used for                 PM/PN calculations   [Spin Universality holds!]
 

are turned into cubic interactions with the help of some auxiliary field1 the duality is
not inherited from the Feynman rules beyond four points. Since individual Feynman di-

agrams are not gauge invariant this observation is not in contradiction with the duality.
Indeed, the cubic-graph decomposition (2.1) is not unique because of the Jacobi-identity
constraints satisfied by the color factors. This implies that the numerators possess a

shift freedom that we refer to as generalized gauge freedom,

ni → ni +∆i , where

(2n−5)!!
∑

i=1

∆ici
Di

= 0 . (2.4)

This includes the usual gauge transformations that leaves the amplitude invariant

εµ(p) → εµ(p) + pµ, and generalizes it by allowing for any functions ∆i that leaves
the amplitude invariant. The color-kinematics duality imply that starting from some

generic cubic-graph representation of the amplitude, one can find some generalized
gauge transformation that gives kinematic numerators that obey the duality.

At tree level it is convenient work with a basis of BCJ numerators. By going to

the color-kinematics-dual version of a Del-Duca-Dixon-Maltoni (DDM) [78, 79] multi-
peripheral basis, all numerators can be expressed using (n − 2)! permutations of the

following graph,

n(σ) ≡ n
(

σ1, σ2, σ3, . . . , σn−1, σn

)

≡ n

(

σnσ1

σn−1· · ·σ3σ2

)

, (2.5)

and typically we fix σ1 = 1 and σn = n, which gives the basis with (n − 2)! elements.

And the color-ordered tree amplitude is then a sum over these (n− 2)! numerators,

Atree
n (ρ1, ρ2, . . . , ρn) =

∑

σ∈Sn−2

m(ρ|σ)n(σ) (2.6)

where m(ρ|σ) is called the propagator matrix [80]. It is the same matrix as describes
doubly color-ordered amplitudes in the bi-adjoint φ3 theory [81–85]. This matrix is

related (by a pseudoinverse) to the Kawai-Lewellen-Tye (KLT) matrix [20, 48, 49].

2.2 The Monteiro-O’Connell construction

The kinematic algebra underlying the color-kinematics duality was first systematically

studied by Monteiro and O’Connell in ref. [71]. They concluded that the self-dual Yang-
Mills sector (which only gives non-zero amplitudes for the all-plus-helicity sector at one

loop [86]) automatically obeys a kinematic algebra. Interactions in this sector can be

1Cubic interactions are obtained by the replacement Tr([Aµ, Aν ]2) → − 1
2 (B

µν)2+Tr([Aµ, Aν ]Bµν).
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Higher-Spin (HS) Construction



Higher-spin Kerr theory principles

1) Higer-spin massive gauge symmetry Stueckelberg; Zinoviev

Cangemi, Chiodaroli, HJ, 
Ochirov, Pichini, Skvortsov

à Correct DOF and good high-energy behavior

2) Chiral higher-spin formalism
    à off-shell spinor-helicity
    à Lagrangians as simple as amplitudes

Ochirov, Skvortsov;
Gordon Chalmers;
CCJOPS 

3) Contact interactions from Homogeneous Symmetric Polynomials 
à Generalizes geometic sums/series
à Classical limit gives exponentials

CCJOPS

Feynman gauge



Using HS gauge invariance
Cangemi, Chiodaroli, HJ, 
Ochirov, Pichini, SkvortsovConsider spin-2 root-Kerr case:

physical field: Stückelberg fields:

Imposing a linearized massive higher-spin gauge transformation:

Makes sure that: 
à DOFs are correct, 
à small-mass limit better behaved than naively expected 

gauge parameter



Massive Ward identities
Cangemi, Chiodaroli, HJ, 
Ochirov, Pichini, SkvortsovWe write down ansatz for off-shell interactions:

and constrain them using Ward identities 

where the vertices corresponding to gauge parameters are: 

à 3pt amplitude:
unique after current constraint: 



General spin-s EFTs
Consider tower                            of HS fields and gauge parameters:

Gauge transformation:

Minimal Lagrangian:

Gauge-fixing fn:

Feynman-gauge Lagr:

Cangemi, Chiodaroli, HJ, 
Ochirov, Pichini, Skvortsov

Zinoviev (2001)

(traceless)(double-traceless)



Chiral higher-spin approach
Ochirov, Skvortsov

Introduction Constructing HS Compton amplitudes Classical Analysis of Compton Outlook

Chiral Formalism for Higher Spins

[Ochirov, Skvortsov ’22]
Trade SO(1, 3) tensors �µ1...µs �! SL(2,C) chiral symmetric tensors �↵1...↵2s

• |�i := �↵1...↵2s ! correct dof's for a massive spin-s field: 2s + 1

• simple free Lagrangian:

L
(s)
0 = h@µ�|@

µ�i � m2
h�|�i ,

• chiral formulation maps spinor-helicity formulae to Lagrangians
=) external wavefunctions |�i ! 1

ms |1i
�2s

• L0 not parity invariant! needs to be enforced

9
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• simple free Lagrangian:

L
(s)
0 = h@µ�|@

µ�i � m2
h�|�i ,

• chiral formulation maps spinor-helicity formulae to Lagrangians
=) external wavefunctions |�i ! 1

ms |1i
�2s

• L0 not parity invariant! needs to be enforced

9

Chiral fields indices

Change Lorentz rep. 

Easier way to get correct DOFs:

Minimal Lagrangian

Gives correct all-plus helicity (AHH; OJ) amplitudes:

However, breaks parity, and also naive renormalizability… 

to the action (4.1). This corresponds to multiplying the path integral by an irrelevant

Gaussian integral. The new Lagrangian can be integrated by parts and rewritten as

m
2

2
�↵��↵� +

m
2

2
(Wµ)

2
�

m
p
2
Wµ tr(�

µ⌫
@⌫�) , (4.3)

where the trace is over the SL(2,C) indices. We can now integrate out the original vector

field Wµ, which gives the new kinetic term �
1

4
tr(�µ⌫

@⌫�) tr(�µ⇢@⇢�) = �
1

2
@
µ�↵�

@µ�↵� .

We thus obtain a chiral spin-1 Lagrangian14

�
1

2
@
µ�↵�

@µ�↵� +
m

2

2
�↵��↵� =: �

1

2
h@

µ�|@µ�i+
m

2

2
h�|�i . (4.4)

where in the last step we converted to bra–ket notation, |�i := �↵� , instead of writing out

the spinor indices. This is convenient when the number of spinorial indices becomes high.

The chiral gauge-interacting Lagrangian for massive spin-1 was first introduced in

ref. [81] for the purpose of describing electroweak vector bosons. Adapting it to a general

non-abelian gauge group, with |�i transforming in a matter representation, we find the

chiral version of the action (2.5) to be given in the bra–ket notation by

L
(1) = h�|

⇢
|

 
D|

!
D|⌦

1

1� ig
m2 |F�|

�
|�i �m

2
h�|�i+O(�4) (4.5a)

= hDµ�|D
µ�i �m

2
h�|�i+ igh�|F�|�i+

ig

m2
h�|

n
|

 
D|

!
D|⌦ |F�|

o
|�i (4.5b)

�
g
2

m4
h�|

n
|

 
D|

!
D|⌦ |F�|F�|

o
|�i+O(F 3) +O(�4).

The arrows over the covariant derivatives

 
D↵�̇ =

 
@↵�̇ + igA↵�̇ ,

!
D

↵̇� = @
↵̇�

� igA
↵̇�

,

Aµ = A
c
µT

c
, T

c† = T
c
, trT c

T
c0 =

1

2
�
cc0
, (4.6)

indicate on which matter field they act, and this notation implicitly assumes that the

covariant derivatives do not act on the field strength factors |F�| of the massless gauge

boson. The minus label emphasizes that this is the anti-self-dual part of the field strength,

|F�| := F�↵
� := 1

2
(�µ

�̄
⌫)↵�Fµ⌫ , where the (anti-)self-dual parts satisfy 1

2
✏µ⌫⇢�F

⇢�
± =

±iF
±
µ⌫ . These labels are also correlated with the gluon helicities that are allowed to appear

in the tree-level amplitude. Hence, at leading order interaction terms with k factors of

|F
�
| only contribute to amplitudes that have k negative-helicity gluons.

The gauge-group indices are subsumed by the indexless bra–ket notation, and we can

assume without loss of generality that kets |�i belong to the fundamental representation

and bras h�| to the anti-fundamental representation of the gauge group. (The Lagrangian

is also valid for general complex or real representations.) Although the indexless notation

14The overall sign of the Lagrangian (4.1) comes from that of eq. (4.1), which includes the same overall

(�1)bsc oscillation that can be observed e.g. in the non-chiral action (3.4) and which comes from the

mostly-minus metric convention. In the chiral formulation, we choose to drop it starting from eq. (4.5).
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W-bosons in SM:

Chalmers, Siegel



Universal polynomials

Introduction Constructing HS Compton amplitudes Classical Analysis of Compton Outlook

Kerr Variables and Polynomials

• 4 local helicity-indep. spin-1/2 variables
&1 = U+V , &2 = U�V , &3 = �mh12i, &4 = �m[12],

• polynomials P(k)
n of degree k � n + 1

P(k)
n =

&k
1

(&1 � &2)(&1 � &3) . . . (&1 � &n)
+ perm(&1, &2, . . . &n) .

-n = 2 example:

P(2s)
2 =

&2s
1

&1 � &2
+

&2s
2

&2 � &1
=

2s�1X

i=0

& i
1&

2s�1�i
2

- complete homogeneous symmetric polynomials
- naturally generated by Lp

Kerr
- comes from factorisation properties for

p
Kerr

- generalises to Kerr

we will construct general spin contact terms out of P(k)
n 12

Complete homogenous symmetric polynomials:

variables:

Conjecture: (contact) interactions linear in         : 

While we have shown in Section 3 that such principles as massive gauge symmetry,

parity and power counting, among others, can be used to fix the cubic interactions uniquely,

the contact-term freedom in the opposite-helicity Compton amplitudes, or in the L4 inter-

actions, is substantially more di�cult to pin down from first principles. Nevertheless, in

the discussion below we will make a heuristic choice and commit to explicit contact terms

that are simple and give consistent classical properties, discussed in detail in Section 6.

Other choices of contacts terms are possible, which we will briefly discuss later.

5.1 Abelian Compton amplitude

We now consider the spin-s Compton amplitudes for the abelian
p
Kerr theory. They can

be obtained by plugging in U(1) generators T
c = 1/

p
2, and for convenience also setting

g
2 = 2Q2 = �1, in the chiral Lagrangian (5.1).

After some non-trivial work, the family of spin-s abelian Compton amplitudes in the

opposite-helicity sector can be written in a compact and manifestly local form:

AU(1)(1
s
, 2̄s, 3�, 4+) =

h3|1|4]2(U + V )2s

m4st13t14
�

h13ih3|1|4][42]

m4st13
P

(2s)
2

+
h13ih32i[14][42]

m4s
P

(2s�1)

2

�
h13ih32i[14][42]

m4s�2
h12i[12]P (2s�1)

4
+ C

(s)
. (5.2)

The quadratic and cubic part of the chiral Lagrangian (5.1), give rise to the first four terms

above, of which the first three terms were obtained already in ref. [68]. The additional

contact term C
(s) accounts for non-minimal quartic interactions, and below we will find an

expression that explains the choice made in eq. (5.1).

Notation. Let us explain the notation used in eq. (5.2). P (k)
n are local polynomials that

are central to our presentation of the amplitude. They are functions of the spin-dependent

variables U, V, h12i, [12], where we recall that

U =
1

2

�
h1|4|2]� h2|4|1]

�
�m[12] , V =

1

2

�
h1|4|2] + h2|4|1]

�
. (5.3)

A priori, there is little reason to expect that the polynomials that multiply the helicity-

dependent factors in eq. (5.2) have a simple structure, given the intricate non-local form

of the amplitude in eq. (4.18). However, from explicit calculations at fixed s, we find that

the P
(k)
n polynomials are exceedingly simple when expressed in appropriate variables.

For integers n > 0 and k � 0, we define19 the symmetric homogeneous polynomials

P
(k)
n :=

nX

i=1

&
k
iQn

j 6=i(&i � &j)
=

&
k
1

(&1 � &2)(&1 � &3) · · · (&1 � &n)
+ perms , (5.4)

where “+perms” is shorthand for inequivalent terms obtained by permuting the &i variables.

The appearance of denominators is innocuous, since one can easily check that the residue

of a potential pole 1/(&i� &j) is always zero, hence they are polynomials of degree k�n+1.

19For k < 0 we define P (k<0)
n = 0. Note that P (k)

n appears in the mathematics literature under the name

“complete homogeneous symmetric polynomials”, although we do not make use of any established property.
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For the Compton amplitude (5.2), we only need P
(k)
n4

that depend on up to four

variables, and we globally identify them as

&1 := U + V = h1|4|2]�m[12] , &3 := �mh12i ,

&2 := U � V = �h2|4|1]�m[12] , &4 := �m[12] .
(5.5)

To be clear, let us write some of the relevant polynomials in various forms:

P
(2s)
1

= &
2s
1 = (U + V )2s ,

P
(2s)
2

=
&
2s
1

&1 � &2
+

&
2s
2

&2 � &1
=

(U + V )2s � (U � V )2s

2V
=

X

i+j=2s�1

&
i
1&

j
2
,

P
(2s�1)

4
=

X

i+j+k+l=2s�4

&
i
1&

j
2
&
k
3 &

l
4 .

(5.6)

In particular, note that the (U +V )2s factor in eq. (5.2) is simply the one-variable polyno-

mial P (2s)
1

, so every term in the Compton amplitude is multiplied by some polynomial P (k)
n .

Indeed, this observation, which was already made in ref. [68] for the case n = 2, is crucial

for constraining the contact term C
(s). The ubiquitous appearance of these polynomials

motivates us to conjecture that:

the complete spin-s Compton amplitude for
p
Kerr theory should be a finite

superposition of only the symmetric homogeneous polynomials P
(k)
n .

Constraints. Therefore, to determine C
(s) we assume that it is a linear combination of

these polynomials:

C
(s) = C

(s)[P (k)
n ] . (5.7)

Furthermore, we impose the following heuristic constraints on the complete amplitude:

• well-behaved classical limit s ! 1;

• amplitudes with s < 2 not modified: C(s<2) = 0 ;

• compatible with massive higher-spin gauge invariance;

• s-independent numerical coe�cients;

• parity invariance imposed, see eq. (4.21);

• all contact terms have spinor-helicity structure ⇠ h13ih32i[14][42];

• classical spin quadrupole fixed by s = 1 amplitude;

• no dissipation e↵ects, nor contributions from non-perturbative considerations.

We find that the simplest contact term C
(s) that satisfies all of the above constraints is

C
(s) =

h13ih32i[14][42]

2m4s�1
(h12i+ [12])

⇣
P

(2s)
4

� P
(2s�2)

2

⌘
. (5.8)
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Classical limit gives entire functions: 
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contact term C
(s) accounts for non-minimal quartic interactions, and below we will find an

expression that explains the choice made in eq. (5.1).

Notation. Let us explain the notation used in eq. (5.2). P (k)
n are local polynomials that

are central to our presentation of the amplitude. They are functions of the spin-dependent

variables U, V, h12i, [12], where we recall that

U =
1

2

�
h1|4|2]� h2|4|1]

�
�m[12] , V =

1

2

�
h1|4|2] + h2|4|1]

�
. (5.3)

A priori, there is little reason to expect that the polynomials that multiply the helicity-

dependent factors in eq. (5.2) have a simple structure, given the intricate non-local form

of the amplitude in eq. (4.18). However, from explicit calculations at fixed s, we find that

the P
(k)
n polynomials are exceedingly simple when expressed in appropriate variables.

For integers n > 0 and k � 0, we define19 the symmetric homogeneous polynomials

P
(k)
n :=

nX

i=1

&
k
iQn

j 6=i(&i � &j)
=

&
k
1

(&1 � &2)(&1 � &3) · · · (&1 � &n)
+ perms , (5.4)

where “+perms” is shorthand for inequivalent terms obtained by permuting the &i variables.

The appearance of denominators is innocuous, since one can easily check that the residue

of a potential pole 1/(&i� &j) is always zero, hence they are polynomials of degree k�n+1.

19For k < 0 we define P (k<0)
n = 0. Note that P (k)

n appears in the mathematics literature under the name

“complete homogeneous symmetric polynomials”, although we do not make use of any established property.

– 38 –

For the Compton amplitude (5.2), we only need P
(k)
n4

that depend on up to four

variables, and we globally identify them as

&1 := U + V = h1|4|2]�m[12] , &3 := �mh12i ,

&2 := U � V = �h2|4|1]�m[12] , &4 := �m[12] .
(5.5)

To be clear, let us write some of the relevant polynomials in various forms:

P
(2s)
1

= &
2s
1 = (U + V )2s ,

P
(2s)
2

=
&
2s
1

&1 � &2
+

&
2s
2

&2 � &1
=

(U + V )2s � (U � V )2s

2V
=

X

i+j=2s�1

&
i
1&

j
2
,

P
(2s�1)

4
=

X

i+j+k+l=2s�4

&
i
1&

j
2
&
k
3 &

l
4 .

(5.6)

In particular, note that the (U +V )2s factor in eq. (5.2) is simply the one-variable polyno-

mial P (2s)
1

, so every term in the Compton amplitude is multiplied by some polynomial P (k)
n .

Indeed, this observation, which was already made in ref. [68] for the case n = 2, is crucial

for constraining the contact term C
(s). The ubiquitous appearance of these polynomials

motivates us to conjecture that:

the complete spin-s Compton amplitude for
p
Kerr theory should be a finite

superposition of only the symmetric homogeneous polynomials P
(k)
n .

Constraints. Therefore, to determine C
(s) we assume that it is a linear combination of

these polynomials:

C
(s) = C

(s)[P (k)
n ] . (5.7)

Furthermore, we impose the following heuristic constraints on the complete amplitude:

• well-behaved classical limit s ! 1;

• amplitudes with s < 2 not modified: C(s<2) = 0 ;

• compatible with massive higher-spin gauge invariance;

• s-independent numerical coe�cients;

• parity invariance imposed, see eq. (4.21);

• all contact terms have spinor-helicity structure ⇠ h13ih32i[14][42];

• classical spin quadrupole fixed by s = 1 amplitude;

• no dissipation e↵ects, nor contributions from non-perturbative considerations.

We find that the simplest contact term C
(s) that satisfies all of the above constraints is

C
(s) =

h13ih32i[14][42]

2m4s�1
(h12i+ [12])

⇣
P

(2s)
4

� P
(2s�2)

2

⌘
. (5.8)
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Chiral higher-spin version of Levi-Steinhoff: 

3

The arrows over the derivatives indicate which matter
field the derivative is acting on, while the ! sign denotes
the symmetrized tensor product.
Checking that the action (7) generates the Kerr three-

point amplitudes (1) and (4) is straightforward and anal-
ogous to the gauge-theory case, where a root-Kerr La-
grangian takes the form [67]

L√Kerr = 〈DµΦ|DµΦ〉 −m2〈Φ|Φ〉 (8)

+
2s−1
∑

k=0

ig

m2k
〈Φ|

{

|
←
D|
→
D|%k! |F−|

}

|Φ〉+O(F 2).

Here Dµ = ∂µ − igAµ, and |F−| stands for the Maxwell
spinor F−αβ := 1

2Fµνσ
µ
αγ̇ σ̄

ν,γ̇β . In ref. [67], this La-
grangian was shown to give the amplitudes with an iden-
tical massive-spin structure to eqs. (1) and (4). Note that
the explicit spin dependence of the latter action is con-
tained exclusively as the highest power of derivatives in
the three-point vertex. The form of the vertex belongs
to a family of complete homogeneous symmetric polyno-
mials of n variables {ς1, . . . , ςn} [67],

P (k)
n :=

n
∑

i=1

ςki
∏n

j &=i(ςi − ςj)
=

∑

∑
li=k−n+1

ς l11 · · · ς lnn . (9)

Namely, the linear-in-|F−| term in the Lagrangian (8)
is a geometric sum with derivative structure identi-

cal to P (2s)
2

(

1, |
←
D|
→
D|/m2

)

, with ordinary products re-

placed by tensor products. It is thus perhaps not sur-
prising that the spin dependence of the resulting four-
point (Compton) amplitude was also simply expressed
in refs. [65, 67] in terms of such polynomials, namely

P (2s)
1 , P (2s)

2 , P (2s−1)
2 , P (2s)

4 and P (2s−1)
4 . In this paper,

we confirm that this structural property generalizes to
the gravitational massive higher-spin theory, and gravi-
tational Kerr Compton amplitude, including the contact
terms undetermined by eq. (7).

Although the gravitational action (7) looks very sim-
ilar to the gauge-theory one, we note that the linear-in-
|R−| interactions explicitly grow with the spin quantum
number s. Remarkably, the s dependence and deriva-
tive structure is exactly reproduced by the three-variable

polynomial P (2s)
3

(

1, |
←
∇|
→
∇|/m2, 1

)

with a repeated argu-
ment. In the following, we will present our proposal for
the gravitational Compton amplitude featuring similar
polynomials with repeated arguments.

III. GRAVITATIONAL COMPTON

AMPLITUDES

We are interested in the general spin-s gravitational
Compton amplitude for a rotating Kerr black hole, at
tree level GN m & |a|. A candidate quantum amplitude
with correct factorization properties (inherited from our
cubic Lagrangian (7)) is given by M4 = 8πGNM4, where

M(1s,2s, 3−, 4+) =
〈3|1|4]4P (2s)

1

m4ss12t13t14
−

〈13〉[42]〈3|1|4]3

m4ss12t13
P (2s)
2 +

〈13〉〈32〉[14][42]
m4ss12

(

〈3|1|4]2P (2s−1)
2 +m4〈3|ρ|4]2P (2s−1)

4

)

+
〈13〉〈32〉[14][42]

m4s−2s12
〈3|1|4]〈3|ρ|4]

(

P (2s−2)
2 −m2〈12〉[12]P (2s−2)

4

)

(10)

+
〈13〉2〈32〉2[14]2[42]2

2m4s−4 〈12〉[12]
[

(1 + η)P (2s−2)
5|ς1 + (1− η)P (2s−2)

5|ς2

]

+ αC(s)
α .

We now explain this formula. The symmetric polyno-

mials P (k)
n were defined in eq. (9), but now we globally

identify the ςi with four spin-dependent variables:

ς1 := 〈1|4|2]−m[12], ς3 := −m〈12〉,
ς2 := −〈2|4|1]−m[12], ς4 := −m[12].

(11)

We also need polynomials where a variable is inserted

twice, abbreviated as P (k)
n|ςi := limςn→ςi P

(k)
n , and further

repetitions are P (k)
n|ςiςj := limςn−1→ςj P

(k)
n|ςi , etc. The re-

peated variables are still universally identified with those
in eq. (11). For brevity, we have also expressed the Comp-
ton amplitude using 〈3|ρ|4] := 〈31〉[24]+ 〈32〉[14], where
the ρµ vector was introduced in ref. [67]. We postpone the
discussion of α and η (notation inherited from ref. [71]),

which are convenient tags for certain contact terms, cor-
responding to the unknown O(R2) terms in eq. (7).
In order to fix the a priori unknown contact terms,

given on the last line of eq. (10), we impose the following
constraints on the amplitude:

(i) well behaved s → ∞ limit;

(ii) improved behavior in m → 0 limit: finite for s ≤ 2
and otherwise M(1s,2s, 3−, 4+) ∼ m−4s+4, see [91];

(iii) contact terms proportional to the structure
〈13〉2〈32〉2[14]2[42]2;

(iv) all helicity-independent factors written in terms of

the symmetric polynomials P (k)
n ;

2

We proceed by introducing the needed higher-spin the-
ory framework, leading to an explicit chiral-field La-
grangian. Based on the cubic higher-spin interactions,
we obtain a quantum Compton amplitude for any spin,
which we supplement with suitable contact terms built
out of symmetric homogeneous polynomials. In the clas-
sical limit, the Compton amplitude becomes an entire
function of the ring-radius vector, and we discuss its
properties.

II. MASSIVE HIGHER-SPIN THEORY

Rotating black holes have astronomically large spin in
natural units, and any effective point-like QFT descrip-
tion of such objects necessarily involves a higher-spin the-
ory framework. However, constructing theories of mas-
sive higher-spin particles [77–79] is generally considered
to be a formidable endeavor. Early work discussed a
range of pathologies in such theories (e.g. refs. [80, 81]),
but more recently the problems have been understood
to arise from the proliferation of unphysical degrees of
freedom. Composite particles with spins larger than two
do, of course, exist in nature and may thus be described
by effective field theories (EFTs) with various ranges of
validity. In particular, the theoretically allowed range of
BH masses suggests that Kerr EFTs should possess a rel-
atively wide range of validity [65]. We are therefore led
to believe that the BH simplicity also implies enhanced
properties, when it comes to derivative power counting
and tree-level unitarity [82–85] of their EFTs.
As for the higher-spin challenge of the unphysical de-

grees of freedom, the following two complementary ap-
proaches have been studied:
Massive higher-spin gauge symmetry. As for-

malized by Zinoviev [60–63, 86, 87], massive higher-spin
gauge symmetry is a natural generalization of the concept
familiar from spontaneously broken Yang-Mills theory, as
well as from the Stückelberg mechanism (see e.g. section 2
of ref. [67]). The unphysical longitudinal modes in the
conventional traceless symmetric tensor field Φµ1...µs

are
compensated by a tower of auxiliary degrees of freedom,
so that a single spin-s particle is described by in total
s+1 double-traceless symmetric tensors Φµ1...µk =: Φk of
rank k = 0, . . . , s. The trick [60] is to endow this field
content with a local gauge symmetry. This symmetry
must be suitably adjusted and enforced perturbatively
in accord with the interactions. This then guarantees
the consistency of the resulting interacting higher-spin
theory at the cost of increasingly complicated symmetry
structure with each order in the coupling constant. In
ref. [65] we showed that along with certain assumptions,
including the maximum of 2s−2 derivatives in the three-

point vertex, the massive gauge symmetry constrains the
three-point amplitude to the form (1), see also ref. [88]
for a cubic action.
Chiral fields. The novel chiral approach [64] to mas-

sive higher spins in four dimensions entirely sidesteps the
issue of unphysical modes by switching to the symmetric
spinor field Φα1...α2s

=: |Φ〉 in the chiral (2s, 0) represen-
tation of the Lorentz group SL(2,C). The price to pay is
that of obscuring parity, which at the level of amplitudes
largely amounts to swapping chiral and antichiral spinors
(denoted by angle and square brackets, respectively). At
the Lagrangian level this switch is non-trivial, because
we commit to the massive fields being strictly chiral.
Ref. [64] considered the simplest chiral action

1
2

∫

d4x
√
−g

(

〈∇µΦ|∇µΦ〉−m2〈Φ|Φ〉
)

, with 〈Φ| :=Φα1...α2s

and the covariant derivatives involve the spin connection:

∇µΦα1...α2s
= ∂µΦα1...α2s

+ 2sωµ,(α1

βΦα2...α2s)β ,

ωµ,α
β :=

1

4
ων̂ρ̂
µ σν̂,αγ̇ σ̄

γ̇β
ρ̂ ,

(2)

where the frame indices are marked with hats. The sim-
ple action generates a positive-helicity n-point amplitude

M(1s,2s, 3+, . . . , n+) =
〈12〉2s

m2s
M(10,20, 3+, . . . , n+), (3)

whose factorization channels self-consistently produce
lower-point Kerr amplitudes [22, 89, 90], including the
established three-point amplitude (1). When it comes to
negative-helicity amplitudes, however, it fails to repro-
duce known parity conjugates, starting with the three-
point amplitude

M(1s,2s, 3−) = M(0)
3

[12]2s

m2s
. (4)

Fixing this, and thus restoring parity at the three-point
level, requires adding the following Lagrangian term

−
1

4

∫

d4x
√
−g

2s−2
∑

k=0

2s−k−1

m2k
(∇α1γ̇1

· · ·∇αk γ̇k
Φα1...α2s)

×R−αk+1

βk+1
αk+2

βk+2δβk+3
αk+3

· · · δβ2s
α2s

×(∇γ̇1β1 · · ·∇γ̇kβkΦβ1...β2s
).

(5)

Here the chiral Riemann or Weyl curvature spinor is

R−α
β
γ
δ :=

1

4
Rλ̂µ̂ ν̂ρ̂σ

λ̂
αε̇σ̄

µ̂,ε̇βσν̂
γζ̇
σ̄ρ̂,ζ̇δ. (6)

A shorter way to write the resulting Lagrangian is pro-
vided by the SL(2,C)-bracket notation:

LKerr =
√
−g

{

1

2
〈∇µΦ|∇µΦ〉 −

m2

2
〈Φ|Φ〉 −

1

4

2s−2
∑

k=0

2s−k−1

m2k
〈Φ|

{

(

|
←
∇|
→
∇|

)$k' |R−|
}

|Φ〉
}

+O(R2). (7)
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is convenient for dealing with SL(2,C) indices, it admittedly obscures the multiplication

order of the non-abelian gauge-group generators. To be more precise, let us write the

generic term in the expansion of eq. (4.5a) such that the non-abelian order is displayed, at

the expense of having explicit spinorial indices:

h�|
n
|

 
D|

!
D|⌦|F�| · · · |F�|| {z }

n

o
|�i := (D↵"̇�

↵�)?(F�
c1)�

⇣2 · · · (F�
cn)⇣n

�
T
c1 · · ·T

cn(D"̇����) , (4.7)

Here and below, the star is used to flip g ! �g and conjugate the gauge-group indices —

but without conjugating the spacetime indices (which would otherwise imply an unwanted

chirality switch). For instance,

(D��̇�
↵�)?|̄ =

�
@��̇�

↵�
� igA

c
��̇
T
c�↵�

�?
|̄
:= @��̇(�

?)↵�|̄ + ig(�?)↵�ı̄ T
c
i|̄A

c
��̇

. (4.8)

Note that the action (4.5) obeys the following reality condition:

Z
d
4
xL

? =

Z
d
4
xL, (4.9)

which we will always demand of a chiral Lagrangian, and this will imply that the theory

can be equivalently described in a conventional (i.e. non-chiral) formulation using a real-

valued Lagrangian.15 In particular, this condition allows for a consistent projection of the

theory to the case of real-valued generators,16 such as the adjoint representation of SU(Nc)

or the fundamental representation of SO(Nc), considered in ref. [79].

4.2 Cubic
p
Kerr Lagrangian for arbitrary spin

After having introduced the chiral framework in the familiar spin-1 context, it is now

straightforward to generalize it to the spin-s case. In particular, we combine the kinetic

terms and minimal cubic interactions of ref. [79], and then add appropriate cubic non-

minimal interactions to restore parity invariance of three-point amplitudes. The resulting

cubic Lagrangians are simple, and we give the new result without further ado.

The family of chiral spin-s Lagrangians that reproduce the three-point
p
Kerr gauge-

theory amplitudes (1.1) can be written compactly as

L
(s) = hDµ�|D

µ�i �m
2
h�|�i+

2s�1X

k=0

ig

m2k
h�|

n
|

 
D|

!
D|
�k

⌦ |F�|
o
|�i+O(F 2) . (4.10)

We have used the � symbol to denote symmetrized tensor product [42]. Here we addi-

tionally define it to symmetrize the internal spinor indices. In the higher-spin multi-index

15Strictly speaking, the equivalence between the chiral and the usual tensorial approaches has been shown

only for the lower spins and minimal interactions [80, 81]. However, given that we do not see any obstruction

in getting any consistent cubic and quartic amplitudes within the chiral approach, it seems plausible that

it covers all possible interactions at all orders.
16In our current conventions, which are tailored to hermitian generators, the real representations of

SU(Nc) or SO(Nc) actually have imaginary-valued generators.
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While we have shown in Section 3 that such principles as massive gauge symmetry,

parity and power counting, among others, can be used to fix the cubic interactions uniquely,

the contact-term freedom in the opposite-helicity Compton amplitudes, or in the L4 inter-

actions, is substantially more di�cult to pin down from first principles. Nevertheless, in

the discussion below we will make a heuristic choice and commit to explicit contact terms

that are simple and give consistent classical properties, discussed in detail in Section 6.

Other choices of contacts terms are possible, which we will briefly discuss later.

5.1 Abelian Compton amplitude

We now consider the spin-s Compton amplitudes for the abelian
p
Kerr theory. They can

be obtained by plugging in U(1) generators T
c = 1/

p
2, and for convenience also setting

g
2 = 2Q2 = �1, in the chiral Lagrangian (5.1).

After some non-trivial work, the family of spin-s abelian Compton amplitudes in the

opposite-helicity sector can be written in a compact and manifestly local form:

AU(1)(1
s
, 2̄s, 3�, 4+) =

h3|1|4]2(U + V )2s

m4st13t14
�

h13ih3|1|4][42]

m4st13
P

(2s)
2

+
h13ih32i[14][42]

m4s
P

(2s�1)

2

�
h13ih32i[14][42]

m4s�2
h12i[12]P (2s�1)

4
+ C

(s)
. (5.2)

The quadratic and cubic part of the chiral Lagrangian (5.1), give rise to the first four terms

above, of which the first three terms were obtained already in ref. [68]. The additional

contact term C
(s) accounts for non-minimal quartic interactions, and below we will find an

expression that explains the choice made in eq. (5.1).

Notation. Let us explain the notation used in eq. (5.2). P (k)
n are local polynomials that

are central to our presentation of the amplitude. They are functions of the spin-dependent

variables U, V, h12i, [12], where we recall that

U =
1

2

�
h1|4|2]� h2|4|1]

�
�m[12] , V =

1

2

�
h1|4|2] + h2|4|1]

�
. (5.3)

A priori, there is little reason to expect that the polynomials that multiply the helicity-

dependent factors in eq. (5.2) have a simple structure, given the intricate non-local form

of the amplitude in eq. (4.18). However, from explicit calculations at fixed s, we find that

the P
(k)
n polynomials are exceedingly simple when expressed in appropriate variables.

For integers n > 0 and k � 0, we define19 the symmetric homogeneous polynomials

P
(k)
n :=

nX

i=1

&
k
iQn

j 6=i(&i � &j)
=

&
k
1

(&1 � &2)(&1 � &3) · · · (&1 � &n)
+ perms , (5.4)

where “+perms” is shorthand for inequivalent terms obtained by permuting the &i variables.

The appearance of denominators is innocuous, since one can easily check that the residue

of a potential pole 1/(&i� &j) is always zero, hence they are polynomials of degree k�n+1.

19For k < 0 we define P (k<0)
n = 0. Note that P (k)

n appears in the mathematics literature under the name

“complete homogeneous symmetric polynomials”, although we do not make use of any established property.
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Constraints for fixing contact term

For the Compton amplitude (5.2), we only need P
(k)
n4

that depend on up to four

variables, and we globally identify them as

&1 := U + V = h1|4|2]�m[12] , &3 := �mh12i ,

&2 := U � V = �h2|4|1]�m[12] , &4 := �m[12] .
(5.5)

To be clear, let us write some of the relevant polynomials in various forms:

P
(2s)
1

= &
2s
1 = (U + V )2s ,

P
(2s)
2

=
&
2s
1

&1 � &2
+

&
2s
2

&2 � &1
=

(U + V )2s � (U � V )2s

2V
=

X

i+j=2s�1

&
i
1&

j
2
,

P
(2s�1)

4
=

X

i+j+k+l=2s�4

&
i
1&

j
2
&
k
3 &

l
4 .

(5.6)

In particular, note that the (U +V )2s factor in eq. (5.2) is simply the one-variable polyno-

mial P (2s)
1

, so every term in the Compton amplitude is multiplied by some polynomial P (k)
n .

Indeed, this observation, which was already made in ref. [68] for the case n = 2, is crucial

for constraining the contact term C
(s). The ubiquitous appearance of these polynomials

motivates us to conjecture that:

the complete spin-s Compton amplitude for
p
Kerr theory should be a finite

superposition of only the symmetric homogeneous polynomials P
(k)
n .

Constraints. Therefore, to determine C
(s) we assume that it is a linear combination of

these polynomials:

C
(s) = C

(s)[P (k)
n ] . (5.7)

Furthermore, we impose the following heuristic constraints on the complete amplitude:

• well-behaved classical limit s ! 1;

• amplitudes with s < 2 not modified: C(s<2) = 0 ;

• compatible with massive higher-spin gauge invariance;

• s-independent numerical coe�cients;

• parity invariance imposed, see eq. (4.21);

• all contact terms have spinor-helicity structure ⇠ h13ih32i[14][42];

• classical spin quadrupole fixed by s = 1 amplitude;

• no dissipation e↵ects, nor contributions from non-perturbative considerations.

We find that the simplest contact term C
(s) that satisfies all of the above constraints is

C
(s) =

h13ih32i[14][42]

2m4s�1
(h12i+ [12])

⇣
P

(2s)
4

� P
(2s�2)

2

⌘
. (5.8)
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Candidate Kerr Compton ampl.

à Classical Kerr amplitude:

The z variable is sometimes called the spheroidicity parameter [Dolan(2008)]1 In
addition to the spin-dependent classical variables, the Compton amplitude can be a
function of a dimensionless kinematic variable known as the optical parameter ⇠. How-
ever, we need to account for a Gram determinant G(p, q, q?, a,�) = 0, which in the clas-
sical limit gives a relation between the optical parameter and the above spin-dependent
variables

⇠�1 =
m2q2

(p · q?)2
=

(w � x)2 � y2

z2 � w2
. (5)

In principle, ⇠ can be eliminated at the expense of introducing a spurious pole. But, in
order to capture positive powers of q2 without having spurious poles, we need to allow
for inverse powers of the optical parameter ⇠�I , with I > 0.

2 Classical Kerr Compton amplitude

The gravity amplitude (not including QFT contact terms) can be written as

M(1,2, 3�, 4+) =
(p · �)4

q2 (p·q?)2

⇣
ex cosh z � w exsinhc z +

w2
� z2

2
E(x, y, z)

⌘

+
(p · �)3

q2 (p·q?)2
w2

� z2

2
i✏(�, p, q, a)Ẽ(x, y, z) + contact terms (6)

where E(x, y, z) and Ẽ(x, y, z) are entire functions

E(x, y, z) =
ey � ex cosh z + (x� y)ex sinhc z

(x� y)2 � z2
+ (y ! �y) (7)

Ẽ(x, y, z) =
2x cosh y � 2xex cosh z + (x2

� y2 + z2)ex sinhc z + (x2 + y2 � z2) sinhc y�
(x� y)2 � z2

��
(x+ y)2 � z2

� .

After including the explicit QFT contact terms, and reexpressing the Levi-Civita
term into dot products, one can write the Kerr amplitude as

M(1,2, 3�, 4+) =
(p · �)4

q2 (p·q?)2

⇣
ex cosh z � w exsinhc z +

w2
� z2

2
E(x, y, z)

⌘

+
(p · �)4

q2 (p·q?)2
w2

� z2

2
(w � x)Ẽ(x, y, z)

�
(p · �)4

(p·q?)4
(w2

� z2)2

2

⇣
E(x, y, z)� ⌘Ẽ(x, y, z)

⌘
+ ↵z (polygamma terms) ,

(8)

where ⌘ = ±1 controls the dissipative terms, and ↵ = 1 the polygamma terms. Note
that both vanish as z ! 0, hence they are related to some complicated behavior of the
spin-magnitude |a| dependence.

The entire function E is given by

E =
(x+ y)e�y

y((x+ y)2 � z2)2
+

ex+z

z

⇣ 1

2((x+ z)2 � y2)
�

x+ z

((x+ z)2 � y2)2

⌘
+ {y ! �y, z ! �z}

(9)

1In our convention, z = 2!|a| has an extra factor of two compared to [Dolan(2008)].
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3

The arrows over the derivatives indicate which matter
field the derivative is acting on, while the ! sign denotes
the symmetrized tensor product.
Checking that the action (7) generates the Kerr three-

point amplitudes (1) and (4) is straightforward and anal-
ogous to the gauge-theory case, where a root-Kerr La-
grangian takes the form [67]

L√Kerr = 〈DµΦ|DµΦ〉 −m2〈Φ|Φ〉 (8)

+
2s−1
∑

k=0

ig

m2k
〈Φ|

{

|
←
D|
→
D|%k! |F−|

}

|Φ〉+O(F 2).

Here Dµ = ∂µ − igAµ, and |F−| stands for the Maxwell
spinor F−αβ := 1

2Fµνσ
µ
αγ̇ σ̄

ν,γ̇β . In ref. [67], this La-
grangian was shown to give the amplitudes with an iden-
tical massive-spin structure to eqs. (1) and (4). Note that
the explicit spin dependence of the latter action is con-
tained exclusively as the highest power of derivatives in
the three-point vertex. The form of the vertex belongs
to a family of complete homogeneous symmetric polyno-
mials of n variables {ς1, . . . , ςn} [67],

P (k)
n :=

n
∑

i=1

ςki
∏n

j &=i(ςi − ςj)
=

∑

∑
li=k−n+1

ς l11 · · · ς lnn . (9)

Namely, the linear-in-|F−| term in the Lagrangian (8)
is a geometric sum with derivative structure identi-

cal to P (2s)
2

(

1, |
←
D|
→
D|/m2

)

, with ordinary products re-

placed by tensor products. It is thus perhaps not sur-
prising that the spin dependence of the resulting four-
point (Compton) amplitude was also simply expressed
in refs. [65, 67] in terms of such polynomials, namely

P (2s)
1 , P (2s)

2 , P (2s−1)
2 , P (2s)

4 and P (2s−1)
4 . In this paper,

we confirm that this structural property generalizes to
the gravitational massive higher-spin theory, and gravi-
tational Kerr Compton amplitude, including the contact
terms undetermined by eq. (7).

Although the gravitational action (7) looks very sim-
ilar to the gauge-theory one, we note that the linear-in-
|R−| interactions explicitly grow with the spin quantum
number s. Remarkably, the s dependence and deriva-
tive structure is exactly reproduced by the three-variable

polynomial P (2s)
3

(

1, |
←
∇|
→
∇|/m2, 1

)

with a repeated argu-
ment. In the following, we will present our proposal for
the gravitational Compton amplitude featuring similar
polynomials with repeated arguments.

III. GRAVITATIONAL COMPTON

AMPLITUDES

We are interested in the general spin-s gravitational
Compton amplitude for a rotating Kerr black hole, at
tree level GN m & |a|. A candidate quantum amplitude
with correct factorization properties (inherited from our
cubic Lagrangian (7)) is given by M4 = 8πGNM4, where

M(1s,2s, 3−, 4+) =
〈3|1|4]4P (2s)

1

m4ss12t13t14
−

〈13〉[42]〈3|1|4]3

m4ss12t13
P (2s)
2 +

〈13〉〈32〉[14][42]
m4ss12

(

〈3|1|4]2P (2s−1)
2 +m4〈3|ρ|4]2P (2s−1)

4

)

+
〈13〉〈32〉[14][42]

m4s−2s12
〈3|1|4]〈3|ρ|4]

(

P (2s−2)
2 −m2〈12〉[12]P (2s−2)

4

)

(10)

+
〈13〉2〈32〉2[14]2[42]2

2m4s−4 〈12〉[12]
[

(1 + η)P (2s−2)
5|ς1 + (1− η)P (2s−2)

5|ς2

]

+ αC(s)
α .

We now explain this formula. The symmetric polyno-

mials P (k)
n were defined in eq. (9), but now we globally

identify the ςi with four spin-dependent variables:

ς1 := 〈1|4|2]−m[12], ς3 := −m〈12〉,
ς2 := −〈2|4|1]−m[12], ς4 := −m[12].

(11)

We also need polynomials where a variable is inserted

twice, abbreviated as P (k)
n|ςi := limςn→ςi P

(k)
n , and further

repetitions are P (k)
n|ςiςj := limςn−1→ςj P

(k)
n|ςi , etc. The re-

peated variables are still universally identified with those
in eq. (11). For brevity, we have also expressed the Comp-
ton amplitude using 〈3|ρ|4] := 〈31〉[24]+ 〈32〉[14], where
the ρµ vector was introduced in ref. [67]. We postpone the
discussion of α and η (notation inherited from ref. [71]),

which are convenient tags for certain contact terms, cor-
responding to the unknown O(R2) terms in eq. (7).
In order to fix the a priori unknown contact terms,

given on the last line of eq. (10), we impose the following
constraints on the amplitude:

(i) well behaved s → ∞ limit;

(ii) improved behavior in m → 0 limit: finite for s ≤ 2
and otherwise M(1s,2s, 3−, 4+) ∼ m−4s+4, see [91];

(iii) contact terms proportional to the structure
〈13〉2〈32〉2[14]2[42]2;

(iv) all helicity-independent factors written in terms of

the symmetric polynomials P (k)
n ;



Candidate Kerr Compton ampl.

à Classical Kerr amplitude:

The z variable is sometimes called the spheroidicity parameter [Dolan(2008)]1 In
addition to the spin-dependent classical variables, the Compton amplitude can be a
function of a dimensionless kinematic variable known as the optical parameter ⇠. How-
ever, we need to account for a Gram determinant G(p, q, q?, a,�) = 0, which in the clas-
sical limit gives a relation between the optical parameter and the above spin-dependent
variables

⇠�1 =
m2q2

(p · q?)2
=

(w � x)2 � y2

z2 � w2
. (5)

In principle, ⇠ can be eliminated at the expense of introducing a spurious pole. But, in
order to capture positive powers of q2 without having spurious poles, we need to allow
for inverse powers of the optical parameter ⇠�I , with I > 0.

2 Classical Kerr Compton amplitude

The gravity amplitude (not including QFT contact terms) can be written as

M(1,2, 3�, 4+) =
(p · �)4

q2 (p·q?)2

⇣
ex cosh z � w exsinhc z +

w2
� z2
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E(x, y, z)

⌘

+
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q2 (p·q?)2
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� z2
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i✏(�, p, q, a)Ẽ(x, y, z) + contact terms (6)

where E(x, y, z) and Ẽ(x, y, z) are entire functions

E(x, y, z) =
ey � ex cosh z + (x� y)ex sinhc z

(x� y)2 � z2
+ (y ! �y) (7)

Ẽ(x, y, z) =
2x cosh y � 2xex cosh z + (x2

� y2 + z2)ex sinhc z + (x2 + y2 � z2) sinhc y�
(x� y)2 � z2

��
(x+ y)2 � z2
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After including the explicit QFT contact terms, and reexpressing the Levi-Civita
term into dot products, one can write the Kerr amplitude as

M(1,2, 3�, 4+) =
(p · �)4

q2 (p·q?)2

⇣
ex cosh z � w exsinhc z +

w2
� z2
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+
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⇣
E(x, y, z)� ⌘Ẽ(x, y, z)

⌘
+ ↵z (polygamma terms) ,

(8)

where ⌘ = ±1 controls the dissipative terms, and ↵ = 1 the polygamma terms. Note
that both vanish as z ! 0, hence they are related to some complicated behavior of the
spin-magnitude |a| dependence.

The entire function E is given by

E =
(x+ y)e�y

y((x+ y)2 � z2)2
+

ex+z

z

⇣ 1

2((x+ z)2 � y2)
�

x+ z
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⌘
+ {y ! �y, z ! �z}

(9)

1In our convention, z = 2!|a| has an extra factor of two compared to [Dolan(2008)].
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The arrows over the derivatives indicate which matter
field the derivative is acting on, while the ! sign denotes
the symmetrized tensor product.
Checking that the action (7) generates the Kerr three-

point amplitudes (1) and (4) is straightforward and anal-
ogous to the gauge-theory case, where a root-Kerr La-
grangian takes the form [67]

L√Kerr = 〈DµΦ|DµΦ〉 −m2〈Φ|Φ〉 (8)

+
2s−1
∑

k=0

ig

m2k
〈Φ|

{

|
←
D|
→
D|%k! |F−|

}

|Φ〉+O(F 2).

Here Dµ = ∂µ − igAµ, and |F−| stands for the Maxwell
spinor F−αβ := 1

2Fµνσ
µ
αγ̇ σ̄

ν,γ̇β . In ref. [67], this La-
grangian was shown to give the amplitudes with an iden-
tical massive-spin structure to eqs. (1) and (4). Note that
the explicit spin dependence of the latter action is con-
tained exclusively as the highest power of derivatives in
the three-point vertex. The form of the vertex belongs
to a family of complete homogeneous symmetric polyno-
mials of n variables {ς1, . . . , ςn} [67],

P (k)
n :=

n
∑

i=1

ςki
∏n

j &=i(ςi − ςj)
=

∑

∑
li=k−n+1

ς l11 · · · ς lnn . (9)

Namely, the linear-in-|F−| term in the Lagrangian (8)
is a geometric sum with derivative structure identi-

cal to P (2s)
2

(

1, |
←
D|
→
D|/m2

)

, with ordinary products re-

placed by tensor products. It is thus perhaps not sur-
prising that the spin dependence of the resulting four-
point (Compton) amplitude was also simply expressed
in refs. [65, 67] in terms of such polynomials, namely

P (2s)
1 , P (2s)

2 , P (2s−1)
2 , P (2s)

4 and P (2s−1)
4 . In this paper,

we confirm that this structural property generalizes to
the gravitational massive higher-spin theory, and gravi-
tational Kerr Compton amplitude, including the contact
terms undetermined by eq. (7).

Although the gravitational action (7) looks very sim-
ilar to the gauge-theory one, we note that the linear-in-
|R−| interactions explicitly grow with the spin quantum
number s. Remarkably, the s dependence and deriva-
tive structure is exactly reproduced by the three-variable

polynomial P (2s)
3

(

1, |
←
∇|
→
∇|/m2, 1

)

with a repeated argu-
ment. In the following, we will present our proposal for
the gravitational Compton amplitude featuring similar
polynomials with repeated arguments.

III. GRAVITATIONAL COMPTON

AMPLITUDES

We are interested in the general spin-s gravitational
Compton amplitude for a rotating Kerr black hole, at
tree level GN m & |a|. A candidate quantum amplitude
with correct factorization properties (inherited from our
cubic Lagrangian (7)) is given by M4 = 8πGNM4, where

M(1s,2s, 3−, 4+) =
〈3|1|4]4P (2s)

1

m4ss12t13t14
−

〈13〉[42]〈3|1|4]3

m4ss12t13
P (2s)
2 +

〈13〉〈32〉[14][42]
m4ss12

(

〈3|1|4]2P (2s−1)
2 +m4〈3|ρ|4]2P (2s−1)

4

)

+
〈13〉〈32〉[14][42]

m4s−2s12
〈3|1|4]〈3|ρ|4]

(

P (2s−2)
2 −m2〈12〉[12]P (2s−2)

4

)

(10)

+
〈13〉2〈32〉2[14]2[42]2

2m4s−4 〈12〉[12]
[

(1 + η)P (2s−2)
5|ς1 + (1− η)P (2s−2)

5|ς2

]

+ αC(s)
α .

We now explain this formula. The symmetric polyno-

mials P (k)
n were defined in eq. (9), but now we globally

identify the ςi with four spin-dependent variables:

ς1 := 〈1|4|2]−m[12], ς3 := −m〈12〉,
ς2 := −〈2|4|1]−m[12], ς4 := −m[12].

(11)

We also need polynomials where a variable is inserted

twice, abbreviated as P (k)
n|ςi := limςn→ςi P

(k)
n , and further

repetitions are P (k)
n|ςiςj := limςn−1→ςj P

(k)
n|ςi , etc. The re-

peated variables are still universally identified with those
in eq. (11). For brevity, we have also expressed the Comp-
ton amplitude using 〈3|ρ|4] := 〈31〉[24]+ 〈32〉[14], where
the ρµ vector was introduced in ref. [67]. We postpone the
discussion of α and η (notation inherited from ref. [71]),

which are convenient tags for certain contact terms, cor-
responding to the unknown O(R2) terms in eq. (7).
In order to fix the a priori unknown contact terms,

given on the last line of eq. (10), we impose the following
constraints on the amplitude:

(i) well behaved s → ∞ limit;

(ii) improved behavior in m → 0 limit: finite for s ≤ 2
and otherwise M(1s,2s, 3−, 4+) ∼ m−4s+4, see [91];

(iii) contact terms proportional to the structure
〈13〉2〈32〉2[14]2[42]2;

(iv) all helicity-independent factors written in terms of

the symmetric polynomials P (k)
n ;

5

Using eq. (17) to resum the finite-spin amplitudes (10) and including the coupling constant, M4 = 8πGNM4, we
obtain the following classical amplitude:

M(1,2, 3−, 4+) = M(0)
4

(

ex cosh z − w exsinhc z + w2−z2

2 E(x, y, z) + (w2 − z2)(x − w)Ẽ(x, y, z)

−
(w2 − z2)2

2ξ

(

E(x, y, z) + η Ẽ(x, y, z)
)

)

+ αC(∞)
α ,

(20)

where we have factored out the spinless Schwarzschild

amplitude M(0)
4 = −8πGN

(p·χ)4
q2(p·q⊥)2 .

The entire functions E(x, y, z) and Ẽ(x, y, z) also
appear in the gauge-theoretic root-Kerr amplitudes
of ref. [67], and are defined as

E(x, y, z) =
ey − excosh z + (x−y)exsinhc z

(x− y)2 − z2
+ (y → −y)

(21)
and

Ẽ(x, y, z) =
2x cosh y + (x2+y2−z2) sinhc y
(

(x− y)2−z2
)(

(x+ y)2−z2
) +

( y↔z
x→−x

)

ex,

(22)
where sinhc z := z−1 sinh z is an even function.
The quantum contact terms specified in eq. (10) gen-

erate the last line of the classical amplitude, where the
entire functions E and Ẽ are

E(x, y, z) =
ex+z

2z((x+ z)2 − y2)
−

ex+z(x+ z)

z((x+ z)2 − y2)2

+
e−y(x+ y)

y((x+ y)2 − z2)2
+

(

y→−y
z→−z

)

, (23)

Ẽ(x, y, z) =
ex+z(z − 1)

2z2((x+ z)2 − y2)
−

ex+z(x+ z)

z((x+ z)2 − y2)2

−
e−yz

y((x+ y)2 − z2)2
−

(

y→−y
z→−z

)

, (24)

which are derivatives of eq. (22): E = ∂xẼ, Ẽ = ∂zẼ.
These generate an infinite tower of classical contact
terms. Note that the precise combination of the optical

parameter, the scalar amplitude M(0)
4 and the prefactor

(w2 − z2)2 in eq. (20), conspire to give pole-free terms,
see ref. [67].
Despite their rational form, the four entire functions

E, Ẽ, E , Ẽ , are analytic everywhere on C3 and generate an
infinite number of spin multipoles. Similar, but simpler,
entire functions have been featured in refs. [38, 47, 50].

V. ANALYSIS OF THE CLASSICAL KERR

COMPTON AMPLITUDE

Let us compare our candidate Compton amplitude (20)
to the result of ref. [71], where a classical Compton am-
plitude MBHPT(1,2, 3−, 4+) for Kerr black holes was de-
rived, up to O(a6) in the spin-multipole expansion, by

studying linear gravitational perturbations of the Kerr
spacetime described by the Teukolsky equation. The final
result of ref. [71] contains terms arising from the expan-
sion of non-analytic functions, such as the digamma func-
tion ψ(0), as well as higher polygammas, which are tagged
by a bookkeeping parameter α. Moreover, certain contri-
butions, tagged by η, are sensitive to the boundary con-
ditions, where η = ±1 corresponds to incoming/outgoing
modes at the BH horizon [71]. Such contributions are
therefore interpreted as dissipative effects.
Comparing the classical amplitude (20) to the Teukol-

sky result of ref. [71] up to O(a6), we find perfect agree-
ment up to terms proportional to α after implementing
the classical Gram determinant (19),

M(1,2, 3−, 4+)−MBHPT(1,2, 3
−, 4+)

∣

∣

∣

α=0
= 0. (25)

Namely, eq. (20) with α = 0 reproduces all the cor-
responding terms in MBHPT, including the dissipative
ones. Equation (25) has been checked up to O(a6) us-
ing the results available in ref. [71]. Furthermore, we
have confirmed the same agreement through O(a7) us-
ing the results [94] shared by the authors of ref. [71].
Interestingly, this agreement also applies to the terms
proportional to the dissipation-related parameter η. We
used O(a5) data in order to fix the η contact terms in
eq. (10) and found that the resulting classical amplitudes
correctly predicts η terms up to O(a7). We conclude that
the amplitude (20) predicts the α = 0 part of the Kerr
Compton amplitude to all orders in spin, although this
needs to be confirmed by further results directly coming
from general relativity.
In order to capture deviations α #= 0, specifically the

ones introduced in ref. [71] up to sixth order in the multi-
pole expansion, it is instructive to consider the following
quantum contact term:

C(s)
α =

(

〈3|ρ̄|4]
2m2 + η 〈3|ρ|4]2m2

)3( 〈3|ρ|4]
2 ηQ + 〈3|ρ̄|4]2 (3Q + 2ηP)

)

,

(26)
where 〈3|ρ̄|4] := 〈31〉[24] − 〈32〉[14], and the spin-
dependent polynomials are

P := 1
m4s−8

(

P (2s)
5|ς1 − P (2s−2)

3|ς1 − (ς1 ↔ ς2)
)

,

Q := 1
2m4s−8 (ς1 − ς2)

(

P (2s)
6|ς1ς1 − P (2s)

6|ς2ς2

)

.
(27)

When the classical limit is taken, we obtain the identifica-

tions: P → Ẽ(x, y, z), Q → Q(x, y, z), 〈3|ρ̄|4] → 2wm2p·χ
p·q⊥

(         )
Bohnenblust,
Cangemi, HJ, Pichini
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Kerr worldline action (linear in R)

Dynamical mass function:

Spinning particle worldline: 

Levi-Steinhoff non-mimimal curvature (R) terms for Kerr:

See [2311.01430] for 
proper gauge fixing &  
WQFT Feynman rules

where we introduced the normalized momentum vector

p̂
µ =

p
µ

p
p2

. (2.9)

The curvature operators (2.2) are then functionals of the gauge-invariant worldline fields

and covariant derivatives,1

LRn = LRn(pµ, S
µ
,rµ, Eµ⌫ , Bµ⌫) . (2.10)

Here we have decomposed the Riemann tensor into fields involving the electric and magnetic

components that are transverse to the worldline momentum,

Eµ⌫ := p̂
⇢
p̂
�
Rµ⇢⌫� ,

Bµ⌫ :=
1

2
p̂
⇢
p̂
�
✏⌫�

�
Rµ⇢� . (2.11)

It is well known [71] that a complete basis (up to terms that vanish by equations of motion)

of parity-invariant linear-in-Riemann operators for a compact spinning massive body can

written as

LR =2
1X

j=1

(�1)j+1

(2j)!m2j�2
cES2jrµ1 · · ·rµ2j�2Eµ2j�1µ2jS

µ1 · · ·Sµ2j

+ 2
1X

j=1

(�1)j

(2j + 1)!m2j�1
cBS2j+1rµ1 · · ·rµ2j�1Bµ2jµ2j+1S

µ1 · · ·Sµ2j+1 , (2.12)

where cES2j , cBS2j+1 are the Wilson coe�cients of the spin-multipole expansion.

For a Kerr black hole, the Wilson coe�cients are all set to unity [71], cES2j = cBS2j+1 =

1, and the operators can then be re-summed into an entire functional,

LR =
2m2

(S·r)2

h⇣
1� e

i
mS·r +

i

m
S·r

⌘
E

+

SS +
⇣
1� e

� i
mS·r � i

m
S·r

⌘
E

�
SS

i
. (2.13)

Here we switched to a more convenient basis for the electric and magnetic tensors, by using

selfdual and anti-selfdual curvature fields,

E
±
µ⌫ :=

1

2
(Eµ⌫ ± iBµ⌫) , (2.14)

and also employed Schoonship notation E
±
SS := E

±
µ⌫S

µ
S
⌫ .

In addition to the given non-minimal curvature operators (2.13), we will in parallel

consider a slightly di↵erent prescription that removes worldline fields in the denominators.

Specifically, our linear-in-Riemann curvature operators contain a proliferation of 1/|p| fac-
tors that come from the normalized momentum p̂ in eqs. (2.8) and (2.11). We can remove

this by using the alternative prescription2 where the momentum is normalized by the mass,

LR
0 := LR

���
p̂µ!pµ/m

. (2.15)

1
Note that there is considerable freedom in choosing which worldline fields enters the LRn . For example,

one can trade p for velocity ẋ, and trade p ·r for the covariantized time derivative
D
d⌧ .

2
The minimal action (2.1), or (2.7), also has a 1/|p| term; however, we do not modify it since this would

spoil the gauge symmetry.
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where we introduced the normalized momentum vector

p̂
µ =

p
µ

p
p2

. (2.9)

The curvature operators (2.2) are then functionals of the gauge-invariant worldline fields

and covariant derivatives,1

LRn = LRn(pµ, S
µ
,rµ, Eµ⌫ , Bµ⌫) . (2.10)
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Eµ⌫ := p̂
⇢
p̂
�
Rµ⇢⌫� ,

Bµ⌫ :=
1

2
p̂
⇢
p̂
�
✏⌫�

�
Rµ⇢� . (2.11)
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LR =2
1X

j=1

(�1)j+1

(2j)!m2j�2
cES2jrµ1 · · ·rµ2j�2Eµ2j�1µ2jS

µ1 · · ·Sµ2j

+ 2
1X

j=1

(�1)j

(2j + 1)!m2j�1
cBS2j+1rµ1 · · ·rµ2j�1Bµ2jµ2j+1S

µ1 · · ·Sµ2j+1 , (2.12)
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For a Kerr black hole, the Wilson coe�cients are all set to unity [71], cES2j = cBS2j+1 =

1, and the operators can then be re-summed into an entire functional,

LR =
2m2

(S·r)2

h⇣
1� e

i
mS·r +

i

m
S·r

⌘
E

+

SS +
⇣
1� e

� i
mS·r � i

m
S·r

⌘
E

�
SS

i
. (2.13)
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E
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1

2
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µ
S
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4 Matching R2 operators: from QFT to worldline

We will now work out the R
2 operators needed for the dynamical mass function of the

worldline action (2.2), in order for the worldline Compton amplitude to reproduce the

results coming from the higher-spin QFT framework of ref. [277]. We first consider a

complete classification of independent R2 operators, to all orders in spin, and then we give

the explicit results.

4.1 Basis of R
2
operators, conservative sector

The Riemann-square operators are most conveniently built out of the following three cur-

vature combinations:

E
�
µ⌫E

+

⇢� =
1

4
(Eµ⌫E⇢� +Bµ⌫B⇢�) +

i

4
(Eµ⌫B⇢� �Bµ⌫E⇢�) ,

E
+

µ⌫E
+

⇢� =
1

4
(Eµ⌫E⇢� �Bµ⌫B⇢�) +

i

4
(Eµ⌫B⇢� +Bµ⌫E⇢�) ,

E
�
µ⌫E

�
⇢� =

1

4
(Eµ⌫E⇢� �Bµ⌫B⇢�)�

i

4
(Eµ⌫B⇢� +Bµ⌫E⇢�) , (4.1)

where we recall that the electric and magnetic curvature tensors are defined as

E
±
µ⌫ :=

1

2
(Eµ⌫ ± iBµ⌫) ,

Eµ⌫ := p̂
⇢
p̂
�
Rµ⇢⌫� ,

Bµ⌫ :=
1

2
p̂
⇢
p̂
�
✏⌫�

�
Rµ⇢� . (4.2)

The chiral E±
µ⌫ tensors are more convenient to work with than the electric and magnetic cur-

vatures, as they are in one-to-one correspondence with the helicity sectors of the Compton

amplitude. Note, when dealing with quadratic in curvature operators there is no di↵erence

between using p̂ = p
µ
/m or p̂µ = p

µ
/

p
p2 for the Compton amplitude. However, we assume

that the default prescription is that p̂µ = p
µ
/

p
p2, unless otherwise stated.

Starting with the above quadratic curvature tensors, we then need to include depen-

dence on the remaining worldline fields and derivatives, which we take to be {pµ, Sµ
,rµ, g

µ⌫}.
Based on the observed structure of our Compton amplitudes, there is a natural split of op-

erators into two classes: those that vanish for polar scattering and those that do not.

Under the polar scattering kinematics, the 3-momenta of the incoming graviton planewave

is parallel to the spin 3-vector. The curvature tensor of such a planewave satisfies

S
⌫
E

±
µ⌫ = E

±
µS = 0 . (4.3)

Note that LR is written in terms of such operators E±
Sµ, suggesting that they are well-suited

for describing a Kerr black hole at higher-orders. For R2 operators, crossing symmetry im-

plies that the incoming planewave contributes to both curvature tensors and we must build

the polar-vanishing (pv) operators out of two factors of E±
Sµ, and the polar-contributing

(pc) operators can have at most one E
±
Sµ factor.

Operators that vanish for polar scattering:
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WQFT approach à WL Feynman rules
Perturbing around the linearized solution is then achieved with the following substitu-

tions into the action:

pµ ! mvµ + ⇡µ ,

x
µ ! b

µ + v
µ
⌧ + z

µ
,

Sµ⌫ ! Sµ⌫ + sµ⌫ , (2.20)

⇤µ
I ! ⇤µ

I + �
µ⌫⇤I⌫ +

1

2
�
µ⌫
�⌫⇢⇤

⇢
I + . . . ,

where the perturbations constitute the new set of dynamical fields {⇡µ, zµ, sµ⌫ ,�µ⌫}, and
the remaining terms are background fields obeying the flat-space equations of motion Ṡ =

⇤̇ = 0 and v
2 = 1. In the rest of the paper, we use Sµ⌫ and ⇤µ

I to only denote the

constant solutions to the equations of motion. The field �µ⌫ is an antisymmetric matrix

introduced through the exponential map of an infinitesimal rotation acting on the ⇤µ
I

fields. In addition, it is convenient to take the asymptotic states to obey the covariant spin

supplementary condition (covariant SSC), meaning we apply the gauge choices ⇤µ
0
= v

µ

and Sµ⌫v
⌫ = 0 on the constant spin tensors.

In order to compute the worldline propagators, we can now expand the action up to

quadratic order in the worldline perturbations, giving the kinetic terms

Skin =�
Z

d⌧

⇣
ż
µ
⇡µ � 1

2m
⇡
2 +

1

2
S
µ⌫
�µ⇢�̇

⌫⇢ � 1

2
�̇
µ⌫
sµ⌫ �

1

m
S
µ⌫
⇡̇µ�⌫⇢v

⇢ � 1

m
⇡̇
µ
sµ⌫v

⌫
⌘
.

(2.21)

Working in momentum/frequency space implies the insertion of Fourier transforms, e.g.

z
µ(⌧) =

Z
d!

2⇡
e
i!t

z
µ(!) , (2.22)

with similar transforms for the other worldline perturbations (we work with all-incoming

momenta and frequencies !). Inverting the kinetic terms, gives the following non-vanishing

two-point functions or propagators:
⌦
z
µ(�!)z⌫(!)

↵
=� i

1

m!2
⌘
µ⌫ � 1

m2!
S
µ⌫

,

⌦
⇡
µ(�!)z⌫(!)

↵
=� 1

!
⌘
µ⌫

,

⌦
sµ⌫(�!)s⇢�(!)

↵
=� 2

!
(⌘⌫[�S⇢]µ � ⌘µ[�S⇢]⌫) , (2.23)

⌦
sµ⌫(�!)�⇢�(!)

↵
=
2

!
⌘µ[⇢⌘�]⌫ ,

⌦
�
µ⌫(�!)z⇢(!)

↵
=� 2

m!
v
[µ
�
⌫]
⇢ .

These propagators should be supplemented with an i✏-prescription to be valid for general

!. Standard choices are ! ! ! ± i✏ for retarded and advanced propagators, respectively.

For the tree-level computations done here this choice is irrelevant since ! 6= 0. For the

metric fluctuation, we use the conventional de Donder gauge propagator,
⌦
hµ⌫(�k)h⇢�(k)

↵
=

i

2

⌘µ⇢⌘�⌫ + ⌘µ�⌘⇢⌫ � ⌘µ⌫⌘⇢�

k2 + i✏
, (2.24)

where again the Feynman prescription can be dropped for our tree-level computation.
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For the tree-level computations done here this choice is irrelevant since ! 6= 0. For the
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2.3 Vertices and Compton diagrams

Simplified graviton self-interactions can be found in ref. [58] for example, so we turn our

attention to constructing vertices involving the worldline fields and gravitons. For the

gravitons it is important to use the Fourier transform

hµ⌫(x) =

Z
d
4
k

(2⇡)4
e
ik·(b+v⌧+z)

hµ⌫(k) , (2.25)

where the linearized solution x(⌧) appears in the exponent. Then, when expanded in

powers of z, this introduces an infinite number of vertices coupling worldline perturbations

to gravitons [97]. The extra e
ik·b factor can be judiciously dropped from the Feynman

rules, or altenatively by using the coordinate choice b
µ = 0. The ⌧ integrals give us

energy-conserving delta functions at each vertex, for example for a vertex with m worldline

perturbations and (n�m) gravitons we have,

�(!1 + . . .+ !m + km+1·v + . . .+ kn·v) , (2.26)

since all momenta and energies are incoming. As is usually done, we suppress all the

momentum and energy conservation delta functions in the Feynman rules below.

The simplest vertex we have has one graviton sourced by the background worldline

trajectory. To construct it we work in momentum space and keep only terms linear in h

and at zeroth order in the worldline fluctuations. Suppressing the coupling  we find

= � i

2
m(v·h·v)� 1

2
(v·h·S·k)� i

⌦
LR

↵���
h
. (2.27)

We represent the unperturbed worldline with a dotted line, and instead of including free

indices in the vertex we used the field h as an o↵-shell polarization tensor. This notation

will become particularly convenient when dealing with the worldline perturbations below.

We also included the non-minimal interactions through the matrix element
⌦
LR

↵
, which is

Fourier transformed to momentum and frequency space and processed in the same way as

the contributions from the minimal action. At second order in the gravitons we have the

vertex,

=
im

2
(v·h3·h4·v) +

1

4
(v·h3·h4·S·k3) +

1

4
(v·h3·S·h4·k3) +

1

8
tr(h4·h3·S)v·k3

+ (3 $ 4)� i
⌦
LR + LR2

↵���
h3,h4

, (2.28)

where now we introduced two placeholder polarizations, h3 and h4. In the Compton am-

plitude we will replace these with factorized circular polarizations hµ⌫ ! "
±
µ⌫ = "

±
µ "

±
⌫ .

Finally, we will use one vertex that sources a worldline perturbation as well as a graviton,

=
m

2
(v·h·v)(k·z)� i(⇡·h·v)� i

2
(v·h·S·k)(z·k)� 1

2
(v·h·s·k)
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� i

2
(z·h·S·k)! +

1

2
(v·h·v)(v·�·S·k)� 1

2
(v·h·v)(v·s·k)� i

⌦
LR

↵���
h,W

, (2.29)

where again we abuse notation slightly by using the worldline fields {zµ,�µ⌫
, sµ⌫ ,⇡µ} =: W

in the same way as we used h above. Notice that we represent all possible worldline

perturbations with one solid line.

We compute the Compton amplitude to all orders in spin from the worldline action

including only linear in Riemann operators LR. We then compare to the all-orders-in-spin

amplitude proposed in ref. [277] in order to fix LR2 . The Compton amplitude can be

computed from the sum of the four diagrams,

M(1, 2, 3±, 4±) =

p1=mv p2

!

k3k4

+

k3k4

+

k3k4

(2.30)

Note that when expanding the exponential of the action in the path integral the first

diagram in eq. (2.30) appears with a factor of 1

2
, but it combines with a second identical

contribution, hence there is only one massive channel. We take the external momenta to

be incoming, and the flow direction of the internal energy ! is as indicated. This diagram

has two delta functions at the vertices �(k3·v + !)�(k4·v � !) which after integrating !

gives us the same delta function as in the other two diagrams, namely �((k3 + k4)·v).
See ref. [102] for example calculations for low orders in spin. Since, in this paper we

are concerned with all-order-in-spin computations, we will first discuss the general form of

a Compton amplitude.

3 Worldline Compton amplitude to all-orders-in spin

We here compute the Compton amplitude to all orders in spin, using the non-minimal

linear-in-R worldline action, or dynamical mass M2 = m
2 + LR. This is easiest done by

recycling the notation and pole contributions from refs. [274, 276, 277], and then work out

the remaining contact terms using the WQFT Feynman rules.

3.1 Classical kinematic variables

Buliding upon the notation of refs. [274, 276, 277], in addition to the black hole velocity

v
µ, we will use natural momentum and spinor combinations

q
µ := (k3 + k4)

µ
, q

µ
? := (k4 � k3)

µ
,

�
µ := h3|�µ|4] , X

µ := [3|v�µ|4] , (3.1)

where the latter two are complex vectors convenient for encoding the helicity dependence in

the the opposite- and same-helicity sectors, respectively. The graviton polarization tensors
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±
µ "
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⌫ , and we make the following gauge choices in
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p
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4

=
�
µ

p
2h34i

,

– 9 –

� i

2
(z·h·S·k)! +

1

2
(v·h·v)(v·�·S·k)� 1

2
(v·h·v)(v·s·k)� i

⌦
LR

↵���
h,W

, (2.29)

where again we abuse notation slightly by using the worldline fields {zµ,�µ⌫
, sµ⌫ ,⇡µ} =: W

in the same way as we used h above. Notice that we represent all possible worldline

perturbations with one solid line.

We compute the Compton amplitude to all orders in spin from the worldline action

including only linear in Riemann operators LR. We then compare to the all-orders-in-spin

amplitude proposed in ref. [277] in order to fix LR2 . The Compton amplitude can be

computed from the sum of the four diagrams,

M(1, 2, 3±, 4±) =

p1=mv p2

!

k3k4

+

k3k4

+

k3k4

(2.30)
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Compton from linear-in-R worldine

Compton amplitude to also be an entire function of the variable z2⇠�1 = q
2|a|2. Whenever

this variable appears, then one has to simultaneously use eq. (3.7) to remove powers of

w and u, otherwise the function space becomes over-complete. Thus q
2|a|2 can at most

multiply a single power of w or u.

Interestingly, we find that neither the worldline action (with M2 = m
2 + LR) nor

previous higher-spin QFT considerations [277] make use of the q
2|a|2 variable, thus we

will not consider it further in this section.5 Note that since w, u are complex, we get two

more independent Gram determinant relations if we complex conjugate eq. (3.7); however,

they are automatic if we make complex-conjugation properties of the amplitude manifest.

Finally, note that the same-helicity sector and opposite-helicity sectors can be treated

almost identically, with the variables x $ y and u $ w swapping their roles when moving

between the two sectors.

We now give the expected form of Compton amplitudes as obtained from the the

worldline before adding R
2 operators. For the same-helicity Compton amplitude we expect

the following form

M(1, 2, 3+, 4+) = m
2

[34]4ey

(v · q?)2q2
+m

2[34]4
u
2 � z

2

2(v · q?)4
3X

k=1

u
k�1

z
3�k

f
++

k (x, y, z) , (3.8)

where the first term is fixed by the factorization behavior at q
2 = 0 and v · q? = 0. The

remaining terms are local contact terms (even if not manifestly so) and the sum corresponds

to three unknown entire functions f++

k (x, y, z) that we will determine. The reason we can

factor out (u2� z
2) is because we expect to find only contact terms that have the property

that they vanish for polar scattering6 kinematics u = ±z. (This follows from carefully

inspecting the linear-in-R worldline action.) The u variable contains a spurious pole that

needs to be canceled against the prefactor [34]4, thus u can appear at most up to the fourth

power. Likewise, the fourth-order spurious pole in the v · q? variable must be canceled by

the same factor appearing inside the u, z variables, thus justifying that these appear as

overall degree-four polynomials.

For the opposite-helicity Compton amplitude, as obtained from the linear-in-R world-

line action, one can write the expected result in two dissimilar forms:

M(1, 2, 3�, 4+) = m
2
h3|v|4]4ex�w

(v · q?)2q2
+m

2h3|v|4]4 w
2 � z

2

2(v · q?)4
1X

k=0

w
k
f̃
�+

k (x, y, z)

= m
2
h3|v|4]4Epole

(v · q?)2q2
+m

2h3|v|4]4 w
2 � z

2

2(v · q?)4
3X

k=1

w
k�1

z
3�k

f
�+

k (x, y, z) (3.9)

where on both lines the first term corresponds to the known factorization behavior, captur-

ing the q2 = 0 and v ·q? = 0 poles. The remaining terms have no physical poles (even if not

5
One can show that the variable z2⇠�1

= q2|a|2 appears in the Teukolsky computation of ref. [260];

however, only in the terms proportional to ↵ (introduced to keep track of polygamma contributions). In

this paper, we consider the case ↵ = 0 unless otherwise stated.
6
See ref. [260] for a proper discussion on the importance, and simplifications, of the polar scattering

scenario in the context of solving the Teukolsky equation.
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Classical variables: 

manifestly so), and the sums are over unknown entire functions f̃
�+

k , f�+

k that represent

contact terms. On the first line we use the simple pole term proportional to the well-know

exponential ex�w [151, 158, 248, 258, 260]; however, this then results in an infinite num-

ber of counter terms ⇠ w
k
f̃
�+

k to cancel out the spurious pole h3|v|4]�1 contained in w.

On the second line the function Epole represents a spurious-pole-free entire function that

matches the physical poles, and we give it in the next section. The absence of spurious poles

h3|v|4]�1 then enforces that the infinite sum over contact terms ⇠ w
k
f
�+

k to truncate at

third order. Thus we only need to find the three entire functions f�+

k (x, y, z) representing

the pole-free contributions. Again, we can factor out (w2 � z
2) since we anticipate finding

only contact terms that vanish for polar scattering kinematics w = ±z.

3.2 Input from higher-spin QFT Compton amplitude

Before we carry out the worldline computation, it is easier to extract the pole terms Epole

from the Compton amplitude of ref. [277], which we now briefly review. The opposite-

helicity classical Kerr amplitude, as obtained from the higher-spin (HS) QFT, is

MHS(1, 2, 3
�
, 4+) =M0

n
e
x cosh z � w e

xsinhc z +
1

2
(w2 � z

2)
�
E + 2(x� w)Ẽ

�o

+ contact terms (3.10)

where E(x, y, z) and Ẽ(x, y, z) are entire functions

E(x, y, z) :=
e
y � e

x cosh z + (x� y)ex sinhc z

(x� y)2 � z2
+ (y ! �y) (3.11)

Ẽ(x, y, z) :=
1

2y

e
y � e

x cosh z + (x� y)ex sinhc z

(x� y)2 � z2
+ (y ! �y) .

with sinhc z := 1

z sinh z, and the classical Schwarzschild amplitude is given by

M0 :=
m

2

q2 (v·q?)2
⇥
(
(v · �)4 (�+) helicity case

(v ·X)4 (++) helicity case
. (3.12)

While it is not obvious, the z-dependent terms are also contact terms, hence we can fur-

ther simplify the pole terms by letting z ! 0, giving an explicit form for the previously

introduced entire function Epole = Epole(x, y, w),

Epole :=
1

2

n
e
x(1� w) + w

2
y + x� w

y

h
e
y � e

x

(x� y)2
+

e
x

x� y

io
+ (y ! �y)

= 1 + x� w +
1

2
(x� w)2 +

1

3!
(x� w)3 +

1

4!

⇣
(x� w)4 + w

2
y
2 � w

2(w � x)2
⌘

+
1

5!

⇣
(x� w)2(x� 3w)x2 � w

2(w � 3x)y2
⌘
+

1

6!

⇣
(x� w)2(x� 4w)x3

+ w
2
x(5x� 2w)y2 + w

2
y
4

⌘
+O(a7) . (3.13)

One can check that the residues on the physical poles are correct. The massive pole

corresponds to v ·q? = 0 (such that w = z = 0) and the amplitude becomes M0e
x, whereas
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Entire function for pole residue (spurious-pole free): 

Polar scattering kinematics:
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Worldline computation re-summed

Ẽ(x, y, z) = @Ẽ

@z
=

z

60
+

xz

90
+

z

2520
(10x2 + y

2 + 2z2) +O(a4) . (3.17)

Similarly, the full opposite-helicity amplitude (3.16) has the expansion

MHS(1, 2, 3
�
, 4+)

��↵=0

⌘=0
=M0

n
1 + x� w +

1

2
(x� w)2 +

1

3!
(x� w)3 +

1

4!
(x� w)4

+
1

5!

⇣
(x� w)2x(3w2 � 3wx+ x

2)� w
3
y
2 � z

2
w((x� w)2 � y

2)
⌘

+
1

6!

⇣
(x� w)2x2(6w2 � 4wx+ x

2) + w
3
y
2(w � 4x)

+ z
2((x� w)2 � y

2)(2w(w � 2x)� z
2)
⌘o

+O(a7) , (3.18)

and we give the dissipate terms separately

MHS(1, 2, 3
�
, 4+)

��↵=0

⌘
= M0⌘z(w

2 � z
2)((x� w)2 � y

2)
⇣ 1

5!
+

4x

6!

⌘
+O(a7) . (3.19)

As seen in eq. (3.18), the first four spin orders matches the expected exponential pattern,

and thereafter the amplitude becomes slightly more complicated. However, the numerical

coe�cients are small integers divided by the expected factorial denominators. Indeed, one

can confirm by explicitly expanding out the first 100 orders that the numerical coe�cients

are always small integers over the appropriate factorial of that spin order. By “small” we

mean that they grow at worst as ⇠ 2n in the spin order n, which is much slower than the

factorial n! in the denominator.

3.3 Opposite-helicity Compton amplitude, with linear-in-R terms

After computing the Compton amplitude from the linear-in-Riemann worldline action

(2.19) up to order S16, we plug in the polarization tensors corresponding to the opposite-

helcity case (3.2). From the obtained expressions we can extrapolate the pattern to all

orders, which sum to the following entire functions:

f
�+

3
:=

2exx+ 2x+ x
2 � y

2 � (4x+ x
2 � y

2)e
x
2 cosh y

2

(x2 � y2)2
,

f
�+

2
:=

8exx� (2 + 2ex + x)(8 + x
2 � y

2)� 1

4
(x2 � y

2)2

(x2 � y2)3

+ e
x
2

(32 + x
3 � xy

2) cosh y
2
� y(16 + x

2 � y
2) sinh y

2

(x2 � y2)3
, (3.20)

f
�+

1
:=

8x(2x+ x
2 � y

2)e
x
2 cosh y

2

(x2 � y2)3
+

4y(4x� x
2 + y

2)e
x
2 sinh y

2

(x2 � y2)3
+

e
y

2y2(x� y)2
+

e
�y

2y2(x+ y)2

� x
2 + 3y2

y2(x2 � y2)2
� 3

2

x
2 � y

2 + 4x

(x2 � y2)2
� 16x2ex

(x2 � y2)3
+

2ex(x+ 1)

(x2 � y2)2
,

f
�+

0
:=

e
x(x+ 4) + 5x+ 4 + 3

2
(x2 � y

2)�
�
8 + 6x+ 1

2
(x2 � y

2)
�
e
x
2 cosh y

2
+ 4ye

x
2 sinh y

2

(x2 � y2)
.
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Opposite-helicity WL entire functions:  

3.4 Same-helicity Compton amplitude, with linear-in-R terms

We now consider the same-helicity Compton amplitude as obtained from the linear-in-

Riemann worldline action (2.19). We evaluate the previously computed amplitude (up to

order S
16) for the case that both graviton polarization tensors have positive helicity. We

then extrapolate the pattern to all orders, which sum to the following entire functions:

f
++

3
:=

8x(2y + y
2 � x

2)e
y
2 sinh x

2

(y2 � x2)3
+

4(4x2 + y(x2 � y
2))e

y
2 cosh x

2

(y2 � x2)3

+
x
2 + x

2
y + 5y3

y2(x2 � y2)2
� 3

2

x
2 � y

2 � 2

(x2 � y2)2
+

e
y(17y4 � x

4)

y2(x2 � y2)3
+

2ey(y + 7)

(x2 � y2)2
,

f
++

1
:=� f

�+

3

���
x$y

,

f
++

2
:=

⇣
f
�+

2
� 1

4
f
�+

3
+

1

2
f
�+

0

⌘���
x$y

,

f
++

0
:=f

�+

0

���
x$y

, (3.24)

where some of the entire functions are recycled from eq. (3.20). Thus, the final equal-

helicity Compton amplitude, as obtained from the worldline action (2.19), is given by

M(1, 2, 3+, 4+) = M0e
y �m

2
[34]4

(v · q?)4
u
2 � z

2

2

⇣
u
2
f
++

1
+ uz

2
f
++

2
+ z

2
f3 + �(u2 � z

2)f++

0

⌘
.

(3.25)

Clearly, only the first exponential term is what we expect to describe a Kerr black hole,

thus all the other terms seem to be unwanted “garbage”. These need to be subtracted out

using R
2 operators.

To make the amplitude (3.25) more explicit, we series expand it in spin multipoles for

the prescription � = 1,

M(1, 2, 3+, 4+)
��
�=1

=M0

h
1 + y +

y
2

2
+

y
3

3!
+

y
4

4!

+
1

236!

⇣
6y2(8y3 � 5u3) + uyz

2(95u+ 6y)� z
4(40u+ 3y)

⌘

+
1

256!

⇣
32y6 � 10u3y(x2 + 5y2) + z

4
�
5x2 � y(50u+ 7y)

�

+ uz
2
�
14y3 � 10x2y + 5u(x2 + 25y2)

�⌘i
+O(a7) , (3.26)

as can be seen the same large fractions encountered in eq. (3.21) appear beyond S
4, which

suggests that the similar unwanted contributions pollute both the same and opposite helic-

ity sectors of the wordline action. Again, choosing the alternative prescription � = 0 makes

in general every multipole more complex, and the exponential pattern e
y breaks already

at order S4,

M(1, 2, 3+, 4+)
��
�=0

=M0

h
1 + y +

y
2

2
+

y
3

3!
+

1

48

�
2y4 � 6u3y + 3u2z2 + 6uyz2 � 3z4

�i

+O(a5) . (3.27)
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After computing up to
S16 we can extrapolate
& resum entire functions:
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Similarly, the full opposite-helicity amplitude (3.16) has the expansion
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1
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1
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(x� w)3 +

1
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(x� w)4
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1
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⇣
(x� w)2x(3w2 � 3wx+ x

2)� w
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2
w((x� w)2 � y
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⌘

+
1
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⇣
(x� w)2x2(6w2 � 4wx+ x
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3
y
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and we give the dissipate terms separately
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As seen in eq. (3.18), the first four spin orders matches the expected exponential pattern,

and thereafter the amplitude becomes slightly more complicated. However, the numerical

coe�cients are small integers divided by the expected factorial denominators. Indeed, one

can confirm by explicitly expanding out the first 100 orders that the numerical coe�cients

are always small integers over the appropriate factorial of that spin order. By “small” we

mean that they grow at worst as ⇠ 2n in the spin order n, which is much slower than the

factorial n! in the denominator.

3.3 Opposite-helicity Compton amplitude, with linear-in-R terms

After computing the Compton amplitude from the linear-in-Riemann worldline action

(2.19) up to order S16, we plug in the polarization tensors corresponding to the opposite-

helcity case (3.2). From the obtained expressions we can extrapolate the pattern to all

orders, which sum to the following entire functions:
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3.4 Same-helicity Compton amplitude, with linear-in-R terms

We now consider the same-helicity Compton amplitude as obtained from the linear-in-

Riemann worldline action (2.19). We evaluate the previously computed amplitude (up to

order S
16) for the case that both graviton polarization tensors have positive helicity. We

then extrapolate the pattern to all orders, which sum to the following entire functions:
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where some of the entire functions are recycled from eq. (3.20). Thus, the final equal-

helicity Compton amplitude, as obtained from the worldline action (2.19), is given by
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(3.25)

Clearly, only the first exponential term is what we expect to describe a Kerr black hole,

thus all the other terms seem to be unwanted “garbage”. These need to be subtracted out

using R
2 operators.

To make the amplitude (3.25) more explicit, we series expand it in spin multipoles for

the prescription � = 1,
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as can be seen the same large fractions encountered in eq. (3.21) appear beyond S
4, which

suggests that the similar unwanted contributions pollute both the same and opposite helic-

ity sectors of the wordline action. Again, choosing the alternative prescription � = 0 makes

in general every multipole more complex, and the exponential pattern e
y breaks already

at order S4,

M(1, 2, 3+, 4+)
��
�=0

=M0

h
1 + y +

y
2

2
+

y
3

3!
+

1

48

�
2y4 � 6u3y + 3u2z2 + 6uyz2 � 3z4

�i

+O(a5) . (3.27)

– 16 –

Same-helicity WL entire functions:  

After computing up to
S16 we can extrapolate
& resum entire functions:

Ben-Shahar, 
Cangemi, HJ

This is infinite garbage!
Same-helicity Kerr should 
not have contact terms!

[BGKV Teukolsky cal.]



Comparing with HS Compton
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Similarly, the full opposite-helicity amplitude (3.16) has the expansion
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As seen in eq. (3.18), the first four spin orders matches the expected exponential pattern,

and thereafter the amplitude becomes slightly more complicated. However, the numerical

coe�cients are small integers divided by the expected factorial denominators. Indeed, one

can confirm by explicitly expanding out the first 100 orders that the numerical coe�cients

are always small integers over the appropriate factorial of that spin order. By “small” we

mean that they grow at worst as ⇠ 2n in the spin order n, which is much slower than the

factorial n! in the denominator.

3.3 Opposite-helicity Compton amplitude, with linear-in-R terms

After computing the Compton amplitude from the linear-in-Riemann worldline action

(2.19) up to order S16, we plug in the polarization tensors corresponding to the opposite-

helcity case (3.2). From the obtained expressions we can extrapolate the pattern to all

orders, which sum to the following entire functions:
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Opposite-helicity entire functions from higher-spin QFT:  

manifestly so), and the sums are over unknown entire functions f̃
�+

k , f�+

k that represent

contact terms. On the first line we use the simple pole term proportional to the well-know

exponential ex�w [151, 158, 248, 258, 260]; however, this then results in an infinite num-

ber of counter terms ⇠ w
k
f̃
�+

k to cancel out the spurious pole h3|v|4]�1 contained in w.

On the second line the function Epole represents a spurious-pole-free entire function that

matches the physical poles, and we give it in the next section. The absence of spurious poles

h3|v|4]�1 then enforces that the infinite sum over contact terms ⇠ w
k
f
�+

k to truncate at

third order. Thus we only need to find the three entire functions f�+

k (x, y, z) representing

the pole-free contributions. Again, we can factor out (w2 � z
2) since we anticipate finding

only contact terms that vanish for polar scattering kinematics w = ±z.

3.2 Input from higher-spin QFT Compton amplitude

Before we carry out the worldline computation, it is easier to extract the pole terms Epole

from the Compton amplitude of ref. [277], which we now briefly review. The opposite-

helicity classical Kerr amplitude, as obtained from the higher-spin (HS) QFT, is
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. (3.12)

While it is not obvious, the z-dependent terms are also contact terms, hence we can fur-

ther simplify the pole terms by letting z ! 0, giving an explicit form for the previously
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One can check that the residues on the physical poles are correct. The massive pole

corresponds to v ·q? = 0 (such that w = z = 0) and the amplitude becomes M0e
x, whereas
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ber of counter terms ⇠ w
k
f̃
�+

k to cancel out the spurious pole h3|v|4]�1 contained in w.

On the second line the function Epole represents a spurious-pole-free entire function that

matches the physical poles, and we give it in the next section. The absence of spurious poles
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third order. Thus we only need to find the three entire functions f�+

k (x, y, z) representing

the pole-free contributions. Again, we can factor out (w2 � z
2) since we anticipate finding

only contact terms that vanish for polar scattering kinematics w = ±z.

3.2 Input from higher-spin QFT Compton amplitude

Before we carry out the worldline computation, it is easier to extract the pole terms Epole

from the Compton amplitude of ref. [277], which we now briefly review. The opposite-
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One can check that the residues on the physical poles are correct. The massive pole

corresponds to v ·q? = 0 (such that w = z = 0) and the amplitude becomes M0e
x, whereas
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Similarly, the full opposite-helicity amplitude (3.16) has the expansion
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and we give the dissipate terms separately
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As seen in eq. (3.18), the first four spin orders matches the expected exponential pattern,

and thereafter the amplitude becomes slightly more complicated. However, the numerical

coe�cients are small integers divided by the expected factorial denominators. Indeed, one

can confirm by explicitly expanding out the first 100 orders that the numerical coe�cients

are always small integers over the appropriate factorial of that spin order. By “small” we

mean that they grow at worst as ⇠ 2n in the spin order n, which is much slower than the

factorial n! in the denominator.

3.3 Opposite-helicity Compton amplitude, with linear-in-R terms

After computing the Compton amplitude from the linear-in-Riemann worldline action

(2.19) up to order S16, we plug in the polarization tensors corresponding to the opposite-

helcity case (3.2). From the obtained expressions we can extrapolate the pattern to all

orders, which sum to the following entire functions:
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Opposite-helicity entire functions from higher-spin QFT:  

manifestly so), and the sums are over unknown entire functions f̃
�+

k , f�+

k that represent

contact terms. On the first line we use the simple pole term proportional to the well-know

exponential ex�w [151, 158, 248, 258, 260]; however, this then results in an infinite num-

ber of counter terms ⇠ w
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k to cancel out the spurious pole h3|v|4]�1 contained in w.
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2) since we anticipate finding

only contact terms that vanish for polar scattering kinematics w = ±z.
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One can check that the residues on the physical poles are correct. The massive pole

corresponds to v ·q? = 0 (such that w = z = 0) and the amplitude becomes M0e
x, whereas
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contact terms. On the first line we use the simple pole term proportional to the well-know

exponential ex�w [151, 158, 248, 258, 260]; however, this then results in an infinite num-

ber of counter terms ⇠ w
k
f̃
�+

k to cancel out the spurious pole h3|v|4]�1 contained in w.

On the second line the function Epole represents a spurious-pole-free entire function that

matches the physical poles, and we give it in the next section. The absence of spurious poles

h3|v|4]�1 then enforces that the infinite sum over contact terms ⇠ w
k
f
�+

k to truncate at

third order. Thus we only need to find the three entire functions f�+

k (x, y, z) representing

the pole-free contributions. Again, we can factor out (w2 � z
2) since we anticipate finding

only contact terms that vanish for polar scattering kinematics w = ±z.

3.2 Input from higher-spin QFT Compton amplitude

Before we carry out the worldline computation, it is easier to extract the pole terms Epole

from the Compton amplitude of ref. [277], which we now briefly review. The opposite-

helicity classical Kerr amplitude, as obtained from the higher-spin (HS) QFT, is

MHS(1, 2, 3
�
, 4+) =M0

n
e
x cosh z � w e

xsinhc z +
1

2
(w2 � z

2)
�
E + 2(x� w)Ẽ

�o

+ contact terms (3.10)

where E(x, y, z) and Ẽ(x, y, z) are entire functions

E(x, y, z) :=
e
y � e

x cosh z + (x� y)ex sinhc z

(x� y)2 � z2
+ (y ! �y) (3.11)

Ẽ(x, y, z) :=
1

2y

e
y � e

x cosh z + (x� y)ex sinhc z

(x� y)2 � z2
+ (y ! �y) .

with sinhc z := 1

z sinh z, and the classical Schwarzschild amplitude is given by

M0 :=
m

2

q2 (v·q?)2
⇥
(
(v · �)4 (�+) helicity case

(v ·X)4 (++) helicity case
. (3.12)

While it is not obvious, the z-dependent terms are also contact terms, hence we can fur-

ther simplify the pole terms by letting z ! 0, giving an explicit form for the previously

introduced entire function Epole = Epole(x, y, w),

Epole :=
1

2

n
e
x(1� w) + w

2
y + x� w

y

h
e
y � e

x

(x� y)2
+

e
x

x� y

io
+ (y ! �y)

= 1 + x� w +
1

2
(x� w)2 +

1

3!
(x� w)3 +

1

4!

⇣
(x� w)4 + w

2
y
2 � w

2(w � x)2
⌘

+
1

5!

⇣
(x� w)2(x� 3w)x2 � w

2(w � 3x)y2
⌘
+

1

6!

⇣
(x� w)2(x� 4w)x3

+ w
2
x(5x� 2w)y2 + w

2
y
4

⌘
+O(a7) . (3.13)

One can check that the residues on the physical poles are correct. The massive pole

corresponds to v ·q? = 0 (such that w = z = 0) and the amplitude becomes M0e
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Analytic structure very different!

CCJOPS

No easy matching to
Teukolsky results. 



Corrections: add Kerr worldline R2 terms
New quadratic curvature corrections: 

6 entire functions

Ben-Shahar, Cangemi, HJ

Simplest operator-valued entire function: 



Corrections: add Kerr worldline R2 terms
New quadratic curvature corrections: 

6 entire functions

Ben-Shahar, Cangemi, HJ

Simplest operator-valued entire function: 

Q & A:   1) Do these R2 operators vanish in static limit?  No!

              2) Are they tidal/Love numbers? No! Far-zone terms!

              3) What Kerr property is captured? None! (WL garbage)

   4) Could near-zone (loop) matching be a cure? Likely not! 

               If Casimir S2=0 à FZ-NZ amiguity absent?, but garbage remains

  5) Any cure in sight? chiral/self-dual worldline ßà chiral QFT



Higher-spin Kerr theory works remarkable well (e.g. AHH 3pt)

Low-spin Lagrangians correspond to elementary particles 

HS gauge symmetry, chiral fields, and universal polynomials  
à Classical Compton with good agreement vs Teukolsky eq.
Using spinning worldline with linear-in-R interactions works 
well for spin S≤4 but at higher ordersà unwanted terms!
Resummed the WL Compton amplitude into entire functions, 
compared to HS Comptonà difference given as R2 operators
The R2 operators likely do not describe anything physical, 
instead they remove unwanted WL contributions.  

Conclusions: Kerr dynamics from HS vs. WL

Kerr dynamics is a challenging but highly rewarding problem!



Gracias!


