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Introduction and Motivation

“Scattering experiments are crucial to understand the funda-
mental blocks in nature”.

«~ALICE

CERN (Geneve, Switzerland)



Introduction and Motivation

Theory and Experiments
Scattering amplitude as principal subject

Motivation

The Standard Model of elementary particles was developed largely
because scattering experiments, (the discovery the gauge bosons

W#*y Z° and the gluons and quarks and more recently the Higgs
bosons).

SCATTERING EXPERIMENTS '
THEORETICAL
PREDICTIONS OF

SCATTERING
CROSS SECTIONS

Bryan Larios Dark Matter Day
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Spinor

It is well know (theoretically and experimentally) that QFT de-
scribes the elementary particles and the fundamental forces of

nature.
The DCS (calculated with QFT) that connect theory with exper-

iments is proportional to the modulus squared of the

do
— X

2
dQ) Al




Outline
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If we consider a pure Yang - Mills theory, computing the scatter-
ing amplitude (modulus square) at three level i.e. for 5 gluons,

we have:

j}m - gf%[(p1-p2) pw + (P2 = 13) uwp + (P3 = P1) v Mppa]

Bryan Larios



Outline
Introduction and Motivation
Formalism

After brute force computing, part of the modulus square SA (25
Feynman diagrams) is shown
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Gravitiino
Conclusions

But using modern techniques, we obtain a very simple and com-
pact expression for the 5 gluons HA

As(1%,2%,3% 4% 5%) =0
(12)*
(12)(23)(34) (45) (51)

As(17,27,37,47 57) =4
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Little Group

Conclusions

The SHF is based in the following observation:

11

Fields with spin-1 transform in the (5, 5

Lorentz group.

) representation of the

So we are able to express the 4-momentum of any particle as a

biespinor: p, = paa

. 1
Pai = Py,

0 o
M:
(o %)

J(l;d, = (175—) a_uda = (Ia _5—)

(1)
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(

ponent spinors

4-Component Dirac spinors (us(p) and vs(p)) are solutions of
the following EOMs:

(p +m)us(p) =0, (2)

(=p+m)vs(p) =0, (3)

with s = +.
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Spinor Helicity F
Little Gro

ess Case (textbooks)

For massless Dirac spinors we know that the following equation
exist: uy(P)ts(P) = 5(1+sv5)(—p), for instance if s = -, we have:

u_(p)u-(p) = %(1—75)(_7,) :( 8 —%aa )

u () ( o )

¢, IS @ 2-component numerical spinor,

where

also u_(p) = (0,¢7), allthislead to |  pas = —Pad;,




Outline

The key of the SHF is to considerate ¢, as the fundamental
object and express the momenta of the particles in terms of ¢,.

Highly convenient and powerful notation

If p and k£ are the momenta and ¢,, ~, their associated spinors,
we can define the following products of spinors:

[pk] = ¢"ka = s (P)u— (k) = —[kp] (4)

(pk) = ¢3r"* = a_(P)us (k) = ~(kp) ()
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1

where spinor products as us(p) us(k) = 0 Vs = £, or more nice,
we have:

(pk] =[pk)=0 (6)
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ations 4-vectores

If we want to apply the SHF to , we need to write polariza-
tion vectors in term of 2-component numerical spinors.

w gy Salt[E]
(k) = V2{(qk)’
gy - A R)
= V2gk]’

where they satisfy p- & =0and £2=1V s = +.
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Little Group

1 2
. (k,q) = ﬂ<qk><qw"lk]% = E(IWQI + )k

V2
R (Ik1{ql + la) LK), (7)
1 p ! )
¢ (k,q) = Valak] [alr" k), = Valak (kI la]vu

V2
= ﬁ(lk](fﬂ + lg)[K]). (8)
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Little
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Some of the most important formulas that are needed to com-
pute scattering amplitudes :

| [i5] = -[4i] I (ilyuli] = Libvli),
(i) = [ji]", (ilvuld 1 (kI lI] = 2(ik)[15],
(i5)(ij)

N~ G 1P (ab){ed) = (ac)(bd) + {ad)(ch)

(i) ji] = —2ks - kj = s45,




Outline
Introduction and Motivation

Gravitiino
Conclusions

Let us compute the 5 points scattering amplitude for the follow-
ing process e e” — qqg.

Figura 4: Diagramas contribuyentes para el proceso ete™ — qgqg



Spinor Helicity Formalism

The spinor helicity formalism (SHF) (a pragmatic point of view)
Notation
Example e*e™ - qqg

We will use the color-ordered amplitude.

Ms = (=ie)2(2v2) (~ig) QqQq(T7 )1 A5 (12,27, 31, 47, 57).

Building the kinematical factor (partial amplitude) still "a la Feyn-
man”, we found

($ 4)

As(17.2;.37,45.57) = -—=(2|1] — ([3|$+<4 9)

(4+9) ‘.
S45

f 7uld)

+ 31 (4,9)[5)). (10)

Bryan Larios Dark Matter Day
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One of the several advantages of the SHF, is that one can com-
pute by blocks, i.e. [3|£. (4,q) and &, (4,¢)[5),

V2

(31 (4.0) = 7 1311414l + 1) [4) (11)
V2 0y - 2
= (g (Bl + BT = LRl (12)
£.(4.9)l5) = <f(|4]<q| +la)[41)15) (13)
q4)
V2 s + T Y2
= fqny (@3 + (187 = P eldl(as). (14)



After some algebra, one can found that:

934]
5~ 2812834(54)
~ [34](25) -
- BB (el + (54 41)
- B o0y - [14](45) + [14)(45) (-1)?)
812834(54)
 [BEHI2025)  ()[34%25) ()]
(12) [20](34)[43](54) ~ (12) [2HI(34)[43](54)
CCDRBAES(-DE (25)

(12)[24](34)[48](-1){45)  {12){34)(45)

A

((53)[31](25) + (54)[41](25))
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Conclusions

We have found the partial amplitude for the process e*e™ - ¢qg.
It can be notices that the final expression is a very simple and
nice expression.

(25)

A = (12)(34){45)

¢ Is it possible to make this kind of calculations even simpler?



Little Group Scaling What an amplitude is made of?

Little Group Scaling

The two components Weyl spinors are invariant under the scal-
ing

) > o) |

Ip] -t |p] I

this is called little group scaling.

The LG is the group of transformations that leave the
momentum of an on-shell particle invariant.

Bryan Larios Dark Matter Day



The Feynman diagram consists of:

@ Propagators.
@ Vertices.

o External line rules.
When only massless particles are involved, the amplitude can
always be rewritten in terms of angle and square brackets. But

only the external line rules scale under little group.



ittle Group Sca

n R

Under little group scaling of each particle i = 1,2,...,n, the
on-shell amplitude transform homogeneously with weight —2h;,
where h; is the helicity of particle i.

An({11), 110 ha}, o {tli 7 i ) = 67 A i), [ B )

(20)
3-point amplitudes

A3(1h1 9h2 3h3) - c<12>h3—h1—h2<13>h2—h1—h3<23>h1—h2—h3

The helicity structure uniquely fixes the 3-particle amplitude up
to an overall constant.
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Rec

Considering A3(g7,95,93), h1 = -1, ha = -1 and hs = 1. Using
the last result, we found the following expression for the 3 gluons
amplitude

e (12)*
A3(91 792793) = g<13><23> - _g<12><23><31>

This matches the calculations using the SHF, but this is much
simpler than the direct Feynman diagram calculation.
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Conclusions

Tree amplitudes are rational functions of the kinematic
invariants, and understanding their pole structure is key to the
derivation of on-shell recursive methods that provide a very
efficient alternative to Feynman diagrams. These recursive
methods allow one to construct on-shell n-particle tree
amplitudes from input of on-shell amplitudes with fewer
particles.



arbol

Four particles amplitudes Af %,
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Recursion Relatlons
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Gra\«mmo

Conclusions

A= Y A

diagramas [

AR(ZI) (21)

arbo 1 -1 7 —
A4(Z)l:_723“43(1 7k2+374+)([32]<>)w43(2 3", ~ky3) =0,

i(12)*
(12)(23)(43)(41)’

arbol
Ay =




BCFW
4 point Gravitons Amplitude
Four gravitons amplitude

Recursion Relations

Gravitons Amplitude

From String Theory we know the amazing result that relates
scattering amplitudes of open strings with scattering amplitudes
of close strings.

Ay4(Gravity) = A4(Yang-Mills) x A4 (Yang-Mills)

This recursion relation works just at tree level amplitude.
Now, we know that there exist a more general duality BCJ.

Bryan Larios Dark Matter Day
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To compute the 4 gravitons amplitude A4(1,2,3,4)

@ Use the known result for 3 point amplitudes in YM (Using
SHF or little group scaling).

@ Use BCFW to compute the 4 point amplitude in YM.
o Finally use KLT RR.



Introduction and

Recursion

The final result

(12)* ’
<12><23><34><41>) ’

Ay(gravitons) = (

[12]* :
[12][23][34] [41]) ‘

Ay(gravitons) = (
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What about massive particles ?




Outline
Introduction and M
Spinor Heli

Massive Case

Gravitiino
Conclusions

u-=ll+psld  we =l I
ve =)= osla) o v = =gl I
::%[wm , a+:w+%<q\;
O = gl ] o=l = ol

In order to apply the SHF (massive or massless) to the standard
model of particle physics, we just need to have the massive po-
larization vector in term of 2-component numerical spinors.



Outline
Introduction and Motivation
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We already know the massive polarization vector in terms of
spinors.

u _ Lahy"Ir]

€, = —-,
T V2(rg)
e = (rhld
V2lgr]’
1 4 L
& = 5. ((rhIr] - alah”la)
_ lr“Jr m_ou
m 2p-q

Let us see some examples.



From the Feynman diagram we get the helicity amplitudes (HAS)

m —_
Mo, (P1,p2,p3) = TfUAQ (p2)vas(p3),

(as is usual)
;
H(p1) "
;
A2A3 Moora
—— _Mf (g —
vlgags] (5205 mé)
T m(s%% —m¥)

(24)
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Finally the averaged squared amplitude is then:

2

2m 2
2 2 _ f 2\2 _ Y 2
<|M| ) = 2|M——| - m(sqwa _mf) - 172(1 _4y )7
(25)
with ¢ = %}f Then the decay width T goes as follows
2
D = 1) = 0 (1 - 4y, (26)




Massive Case
Gravitiino

M = 1gzeu(pl)ﬁ(pz)*r“(vf - a7°)u(ps)

f 2
(27)
A1 A2A3 Mg |
++- 392 B (07 — ag) [pal*|ps) = 000520 apeliizal
0+— | 3oz (Frmu+ zmpzﬂ) (v — ap)lpalr*Ips) = 22D (r1pg) [ripa] = 0
—+- 397 %(W —ag)[p2["*|ps) =0




Oul\mu

Finally the squared averaged scattering amplitude is as follows

1 2]\/[2
(MP) = 3 (Moa P IMa ) = 222 (o #lagl?)

The decay width for this channel is then:

g M
(2~ ff) =5 (logP +lagl). (29)




From the Feynman diagram we get the helicity amplitudes (HAS)
(as is usual)

Ve

€ Mipagn = <

gw

V8My

:( w
V8My

) [l (P3)7% (1 — 75 1tz (91)] [ng (p2) 11 = 15) 02 (P2)]

A1A2A3Aq

AHAsAL

a2
B/l 4A2

M (p2=q1, p3 = q1)

+ ==
[ +++-

2[p3|y*|r1)
2[pa|y*|r1)

2my

2[’71 "7/1 ‘1’2)

| 2me

pote [qalvulpe)

zj) ? (par1)[psral I

0

——++

@mﬂmh”mf

2my
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The squared and averaged amplitude for the muon decay is:

(M) = S P =2 () o) s )

(30)
From this result we can arrive to the decay width, which agrees
with result of textbooks.



We will consider a model in a local supersymmetric field theory
(N =1 SUGRA) where the gravitino is the lightest
supersymmetric particle (LSP), therefore a good DM candidate.

U (p) = ;eﬁ(p)w(p) + %ei(p)U— (p),
P (0) = |3 @)u-0) + = ) )



Gravitiino
Co ons

ydy NLSP Stop decay (i - t G)

1 - .
M)\g)\g = _WWA‘Q (pZ)'Ya'YupClXPRUA:a (P3)

"I}u((l) ( )
31
[ A2z | ZEVW |
(r2q2) 2 2.2
—+ *m Sraqe mémt)
r2492
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Squaring the helicity amplitudes of the last Table, we obtain the
following expression for the total squared amplitude

(IMP) = Mo+ M-, (32)
_ (‘Sﬁqu (nltmG)4)( Srago (mtmé)Q) 33
- 3M?2m2 SEQqQ ’ (33)
(m m - mt)((m~ - mé)2 - 4m§m2é) (34)
3]\/f2mG~ ’
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To appreciate the power and efficiency of the SHF, we can
remember the completeness relation for the spin-3/2 Gravitino
Field.

3
D L1, ML (51, A) = —(p, +me) x { <g;w - ”:ﬁ)

G

1 PuP. PuPxr
-3 <g,w - L{’) <9M - ¥y
fel G

And we still need to take into account other fields to compute the
trace.
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Conclusions

@ The scattering amplitudes have a physical relevance. But
the amplitudes themselves have a very interesting
mathematical structure. Understanding this structure
guides us towards more efficient methods to calculate
amplitudes.

@ We are exploring how to implement more sophisticate
methods to our calculation with massive gravitinos, namely
BCJ and BCFW relations. We would like to apply this
techniques to some relevant process in modern
Cosmology.
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Thank you
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—Wp, ) N - I i
In spite of the tremendous difficulties lying ahead, | feel that =
S-matrix theory is far from dead and that . . . much new 4,
N ‘.. interesting mathematics will be created by attempting to /

- formalize it.

“Iullio Regge”
4 »
: by /
- ."fl a\\ _.P‘;p-t

Bryan Larios



Conclusions

one Decomposition (LCD)

Let p* be any time-like 4-momentum, we can decompose it into
2 light-like four momenta as follows. Let g* be an arbitrary light-
like four momentum, and define

rt=pt—agt | (35)

We want that r be light-like too, so we impose r? = 0; then
0= (p" - ag")(pu - aqy) = p° - 2ap"q, + o°¢*,  (36)

2 _ _ "2
but ¢= = 0, thereforea_ﬁij.
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Conclusions

Now we can see how LCD applies to massive spinors. Remem-
ber Dirac equation:

(p+m)us(p) =0 (37)
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Conclusions

Now we can see how LCD applies to massive spinors. Remem-
ber Dirac equation:

(p+m)us(p) =0 (37)

when one consider the 4-component Dirac spinor in terms of two
2-component spinors

Xa
= q 3 38
U ( g ) (38)
Dirac equation is equivalent to the following system
pa,('zga +MXq = 07 (39)
P xa +m&* = 0. (40)
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Conclusions

We have the last two equation in such a way that is easy applies
LCD, this reads as
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We have the last two equation in such a way that is easy applies
LCD, this reads as

o - (|T]ll<r|d + O“Q]a(qu)

DPaa ga +mxq =0 (41)

pd“ Xa + mfa =0 (42)

o —(|r)*[r* + alf})”"’[tz“}O



Outline
Introduction md Motivation

Conclusions

We have the last two equation in such a way that is easy applies
LCD, this reads as
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Conclusions

We have the last two equation in such a way that is easy applies

LCD, this reads as

(Ira(rla + alala(gla) € = mxa

(Ir)?[rl® + ala)*[al") xa = m€®

(43)

(44)
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The solutions for the last 2 equations are as follows:

with the spinors y, = %ﬂq]a and ¢4 =

(45)
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